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Why should engineerstudy statistic®

A random sample of 5 bolts yields
the following measurements in
inches:
{2.003, 1.999, 2.006, 1.996, 2.001

Population- the set of all people or things
being studied (all possible observations)

Sample- the subset of the population
from which information is actually
collected S

Statistics- collecting, analyzing, and
interpreting data

All engineers will collect, analyze, and
interpret data throughout their career

Y=

The data set
{2.003, 1.999, 2.006, 1.996, 2.001
has_variability

An engineer would like to identify the
source(s) of the variation and reduce the

variation.
i

example

A factory is manufacturing bolts
that should be exactly 2 inches
long.

Measuring the length of
all the bolts
(a census) is too time
consuming, expensive,
or impossible.

Additional Information:

The bolts are being produced by
two different machines:

Machine A Machine B

}

}



Additional Information:

Each machine has three settings:

edi
dow medium

500 1000 200(_)
bolts/minute  Polts/minute  bolts/minute

Machine is a categori&hctor
because its levels: A, B
represent distinct settings.

Speed is a continuodigctor because
its levels: slow (500), medium (1000), fast (200

were chosen from a continuum.

Options:

Retrospective Studyise data that has been
collected in the past

Observational Studybserve the process in
the present and collect data

A\
5 , “ Designed Experimenexhibit maximum

-~~~ control over when, where, and how the data

is collected

There are 6 different treatment combinations

treatment sample size | run order
Machine A - slow 10 2
Machine A - medium 10 5
Machine A - fast 10 6
Machine B - slow 10 1
Machine B - medium 10 4
Machine B - fast 10 3

1
\ randomizatioﬁ

Levels

oS+ 550"
(o
Machine B F‘i

—_

slow %

Spee — medium 2559
fast ;&VL

Experimental Unitthe smallest
unit to which we apply a
treatment combination

Observational Unitthe unit
upon which we make the,

measurement

l E)l)!)')l).




Textbook practice problem 1.15
on page 39

A food company is considering a new recipe forrtcake
mix. They have identified three factors that affexture of
the cakeamount of flour (low and high), amount of egg
powder (low and high), andamount of oil added when
mixing (low and high). They are also interested in varying
thetemperature of the oven when baking the cake (375
and 400). Changing the temperature for each individual
cake would be a very time-consuming process. The
experiment is conducted by choosing a temperatives,
mixing and baking all eight cakes together. Then t
temperature is changed and again all eight cakebaied
together.

A food company is considering a new recipe forrtibake mix. They have
identified three factors that affect texture of tiade:amount of flour (low and
high), amount of egg powder (low and high), andamount of oil added when
mixing (low and high). They are also interested in varying theperature of
the oven when baking the cake (375 and 400). Changing the temperature for
each individual cake would be a very time-consungirggess. The experiment
is conducted by choosing a temperature, then miainybaking all eight cakes
together. Then the temperature is changed and afiaight cakes are baked

together.

Textbook practice problem 1.15 on page 39
c) List the levels for the factors

low and high(for the first three)
375 and 40@for temperature)

A food company is considering a new recipe forrtbeke mix. They have
identified three factors that affect texture of take:amount of flour (low and
high), amount of egg powder (low and high), andamount of oil added when
mixing (low and high). They are also interested in varying theperature of
the oven when baking the cake (375 and 400). Changing the temperature for
each individual cake would be a very time-consungirggess. The experiment
is conducted by choosing a temperature, then miairdybaking all eight cakes
together. Then the temperature is changed and afjaight cakes are baked

together.

Textbook practice problem 1.15 on page 39
a) What is the response of interest?

&)

‘ Texture of the cake‘ AN
&

Textbook practice problem 1.15 on page 39
d) List the possible treatment combinations

_ Highe=—". HHH375
ngh<,|_9‘,\,<’%g HHH400
High4 Lowézfc')gh — HHL 400
W= HLH375

o0 HLH400

High
i <, 375
|_0W<ngh h?&m HLL375
a75 HLL400
Lowe=——"> Low §;‘3§ LHH375

400 LHH400
o LHL375
LHL400
LLH375
LLH400

flour||egg powdenoil| [temp| | Li%

A food company is considering a new recipe forrtibake mix. They have
identified three factors that affect texture of tiade:amount of flour (low and
high), amount of egg powder (low and high), andamount of oil added when
mixing (low and high). They are also interested in varying theperature of
the oven when baking the cake (375 and 400). Changing the temperature for
each individual cake would be a very time-consungirggess. The experiment
is conducted by choosing a temperature, then mixinybaking all eight cakes
together. Then the temperature is changed and afiaight cakes are baked

together.

Textbook practice problem 1.15 on page 39
b) List the factors and whether they are
categorical or continuous

amount of flour amount of eqgg powder
amount of oil addedand temperature of the
oven(all continuou$

A food company is considering a new recipe forrtibake mix. They have
identified three factors that affect texture of take:amount of flour (low and
high), amount of egg powder (low and high), andamount of oil added when
mixing (low and high). They are also interested in varying theperature of
the oven when baking the cake (375 and 400). Changing the temperature for
each individual cake would be a very time-consungirggess. The experiment
is conducted by choosing a temperature, then mixirdybaking all eight cakes
together. Then the temperature is changed and afiaight cakes are baked

together.

Textbook practice problem 1.15 on page 39
e) Do all factors have the same experimenta
unit?

No, since temperature is applied |t
the oven, not the actual cake.




Textbook practice problem 1.15 on page 39
f) Identify the experimental unit and
observational unit for temperature.
g) ldentify the experimental unit and
observational unit for the other factors.

f) the oven

< g) a cake é

S TS

D

This week: Read Chapter 1
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Chapter 2 — all sections

Karlskirche
Vienna, Austria

example
investigating lengths of all bolts
being manufactured in a factory

Measure 100 bolts selected at
random

A more convenient and meaningful wea
to describe the data set:

average length = sample mean Iengkh

Y =2.001

graphs and plots: histogram, dotplot,
stem-and-leaf plot, boxplot

y

Statistics

Collecting, analyzing, and
interpreting data

Descriptive Statistics

Organizing and summarizing

data
One way to
describe the
data set:
n =100
bolt #1 = 2.003
bolt #2 = 1.999
bolt #100 = 1.996
Sample A Sample B
n=3 n=3
{5’5’5} {111113}
Standard Deviation = 0| Standard Deviation > 0

numerical values: mean, median,
variance, standard deviation,
percentiles




Inferential statistics (CH4)

Drawing conclusions from data
and measuring the reliability of
the conclusions

If we conducted a census we

would know the

population mean length

DoesY =y ?

Usually not, but hopefully

they are close.

Y is an_estimatoof p

“Doesu = 2.000 inches ?” Yes/ No
Hypothesis test

Y =2.001- Does this prove that#2 ?

No!
Statistics rarely proves anything

2.001+ 0.003 (1.998,2.00

1

estimate margin of error

Confidence interval

we are 95% confident that:
1.998< i< 2.00¢

Histogram
example
60 people run a mile, record times

4-5 3
4:55.21 Kevin |6 &
6-7 9
U 7-8 15
9:31.07 Greg 8-9 15
9-10 12
60

Relative

Class Frequency Frequency

[4.5)
[5.6)
[6.7)
[7.8)
[8.9)
[9,10)

3

6

9
15
15
12
60

3/60 = .05
.10
15
.25
.25
.20

60/60 =1




Frequency Histogram

Aduanbaly

=
cwo o lJH

4 5 6 7 8 9 10
minutes

Relative Frequency Histogram

2571
2071
1571
1071
.05

0
4 5 6 7 8 9 10
minutes

Aouanbaly annejal

Too many classes: Too few classes:

“oversmoothed”

Common Histogram Shapes

/N example:

/ . €xam Scores

bell-shaped

example:
winning lottery

uniform S

A example: weights of football
‘ players and gymnasts

bimodal

example: annual
income

right-skewed

example: age Q

at death
left-skewed

non-symmetric
distributions

symmetric
distributions




weights of two
opposing football
teams

N

A\

Greater meanB

A downside to histograms:

Choosing different sets of classes
can yield different looking
histograms for the same data set!

example n = 27
{0.3,0.8,2.2,4.7,5.9, 14.3, 14.4, 15.8, 20.4,

22.2,22.4,26.7, 30.2, 33.1, 33.8, 35. 6, 36.4,
36.5, 36.7, 39.2, 64.6, 65.9, 75.7, 76.5, 77.5,
77.8,93.6}

Greater variance’
Blue Pink
Classes: Classes:
147 [0,20)  [0,10)
127 [20,40) [10,30)
= 10t [40,60) [30,50)
k2 [60,80)  [50,70)
c 8 [80,100) [70,90)
S 61 [90,100)
NL]
2
0

0 20 40 60 80100

Another option:
Kernel Density Estimation

Dot Plot
example

Breaking strength of carbon
fibers in GPa (gigapascals)
n=15

{0.1,2.0,23,25,3.2,34,34,3.7,
39,40,41,42,42,43,44}

{0.1,2.0,23,25,3.2,3.4,34,3.7,
39,40,41,42,42,43,44}

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
/ 0 1 2 3 4 5

outlier? An outlieris an observation

that is extremely large or small

compared to the majority of th
observations.

D

-




Stem-and-Leaf Plot

{0.1, 2.0, 2.3, 25, 3.2,3.4, 34,37,
3.9,40,41,42,42,43,44}

don’t worry about these two columns

stem leaves numb(erdeptﬁ

0 1 1 1
1 0 1
2 035 3

3 24479

4 012234 6

another option: stem leaves
0*—>0.0-0.4 0* 1
0+— 0.5-0.9 0
1* > 1.0-1.4 *
etc. 1*
1e
2% 03
{0.1, 2.0, 2.3, 2.5, 2¢ 5
3.2,3.4,3.4, 3.7, 3* 244
3.9,4.0,4.1, 4.2, 3¢ 79
4.2,4.3,4.4) 25 012234
Ao

Yet another option:
0*—0.0-0.1
0t—0.2-0.3
0f - 0.4-0.5
0s— 0.6 -0.7
0-—0.8-0.9
1*—->1.0-11

etc.

Side-by-side Stem-and-Leaf Plot

More info: of the 15 observations, 7
were from Method A and 8 were
from Method B

Method A:n=7
{0.1,2.0,25, 3.2,34,3.4,40}

Method B:n=8
{2.3,3.7,3.9,4.1,4.2,4.2,43,4.4}

stem A B v,=180_ 566
0 1 v

1 - 311

2 05 3 =g 89
3 244 79

4 0 12234

Method A:n =7 Method B:n=8
{0120 25 | 12337359,
] Yy oy 4.1 4.2 4.2 4.3
3.2, 3.4, 3_4’ 4_0 1 1 ] ]
J 4.4}
n=4
{3.105, 3.114, 3.116, 3.127 }
stem leaves
3.10 5
3.11 46
3.12 7

possible, but unwise:

stem leaves
3.1 05 14 16 27




Boxplot Median (50" percentile) = Y
The pth percentile is greater than p% 1 — rank data from smallest to largest
of the data 2 —if nis odd, median = middle value
if n is even, median = mean of the
The 65th percentile is greater than two middle values
other 35% of the data)
{Y(l)’ Y(2)’ o 'Y(n )}
Four ranked data sets
n+1
location of the median &, =T n 6 7 5681 6004
6+1_ 7+1_ | 5681+ 1_ 6004+ 1_ 5
if n is odd— median = ) Im p | g | T g T
Y |, +Y median| 3rd & 4tn| 4hvalue| 2841stvalue|  3003n &
(F=) (Im+5) values 3003rd values
if n is even— median = >
XXERXX| HOOGXXX]

Quatrtiles Book notation
(31 = first/lower quartile (298 percentile) location of the quartiles —
Y = Q, = median = second/middle quartile
Q; = third/upper quartile (#5percentile) | = LS | = n+2
g 4 g 4
Q, = median of the lower half of the data 0 s el iy
(include the median if n is odd) Tniso Irniseven
Q; = median of the upper half of the data

Q=Y
(include the median if n is odd) 1= W

Qs= Y(n+1—lq)




n 6 7 5681 6004
I GLZ =2 E =25 6o 3=1421 %:1501‘5
a 4 4 4 a
Q mean of 2nd mean of 15014t
1| 2nd valug a0 % 241 4515t valug & 1500nd
values

6+1-2|7+1- 2.5|5681+ 1 142| 004+ 1- 1501,

n+1-|
‘1=5 =55 =4261 =4503.5
mean of 5th mean of 4503rfi
Qs 5th value| g gt valued 42615t Value g 4504t
values
Q=12 |median=25 |Q,=37

The whiskersare going to try to reach
out to the min and max but may not be

_ 11+13_
172
Q,- 34; 40_ .

range= max —min =81 -0 =81

interquartile range IQR = Q- Q, =

37-12

=25

step= 1.5(IQR) =

1.5(25) = 37,5

upper inner fence

lower inner fence

UIF = Q; + step =
37+37.5=745

LIF=Q,—step =
12 -37.5=-25.5

upper outer fence

lower outer fence

UOF = Q + 2(step) =
37 +2(37.5) =
112

LOF = Q, — 2(step) =
12 —-2(37.5) =
—63

able to!
UIF=74.5| |lUOF =112 o
LIF=-25.5 LOF = -63 (outlier)
UF w %% UIF
Pl |

{0,11, 13, 25, 34, 40, 81}




A “mild” outlier
is beyond the inn
fence, but not th

outer fence:

empty dot

An “extreme” outlier
" is beyond the outer
fence:_full dot

right-skewed

—1 I+
left-skewed

symmetric

Two data sets named A and B:

A —
B

Which data set has|aedianq B

larger... rangesine

IQR? | A

Q? |B

Q? |A
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Luxor Casino
Las Vegas

P}&amids and Sphinx
Giza, Egypt

population
sample

plobability

W

statistics

set — an unordered collection of zero
or more elements

alphabet={a,b,...z}={q,X,...c}
positive integers = { 1,2, 3, ... }
people over 200 years old= { } =

empty set={ } =
the set of zero elements

subset — a set where each element is
also a member of another set

A c B ifevery element in A is also in B

vowels = {a, e, i, 0, u }  alphabet={a,b, ...z}

even positive integers C positive integers
{2,4,6,...} c{1,2,3,... }

A c A every set is a subset of itself

& < A the empty set is a subset of all sets

how many subsets of { a, b, ... z } exist?

{a,b,c,...z}

\

2 x2 x2 x... x2 =22 =67,108,864

if a set has K elements, then

there are 2K subsets

example outcomes of a coin flip

{H, T} - 2 elements— 2?= 4 subsets

subsets:

g {H} {T} {HT;




experiment - a process that has
variation in its outcomes

sample space =S = the set of all
possible outcomes of an experiment

event - a subset of the sample space

probability of an event A = P(A)

a value between 0 and 1 representing
how likely it is and the proportion of time it will
occur in the long run

if P(A) = 1, it will happen P(S) =1
if P(A) =0, it won’t happen P(Z)=0

“size” of event A

P(A) =
“size” of S

the long-run relative frequency of an
event approaches its probability as
the sample size gets large

# of occurences of A Jargen

P(A
# of experiments &
if P(A) is unknown, it can be estimated

by repeating the experiment many times
and observing how often it occurs

Computer simulation of coin flips

! =.10

10 S047 _ 5047
45 10000
2 _ 45
100 50064
o — 50064
_ 471 100000
1000

example roll a die once
S={1,2,3,4,5,6}
There are 26 = 64 different events

E={2,4,6 } =an even number appears
P(E)=3/6=1/2

F=1{1,2,3,4} =anumber less than or
equal to four appears
P(F)=4/6=2/3




Venn Diagram

F={1,2,3,4}=
a number less
than or equal to

four appears
P(F)=4/6=2/3

E=1{2,4,6 } =aneven

number appears
P(E)=3/6=1/2

| =

complement

A
“not A”

conditional probability
probability of A given B= P(A|B)

E F

2

intersection A——B

ANB ( < ) )

“A and Bn '\\.\\H '-\)\/.-):_F /,f

union A !,\\ B

AUB O

“A or B or both” S
die example
E F continued
E =an even
number appears
1 F = a number less
6 than or equal to

four appears
2 1 = 3 1
P(ENF)=—=— P(E)=—=—
( ) 6 3 (E) 6 2
5 - 2 1
P(EUF)== =—==
( ) 6 P(F) 6 3

P(A|B)= PB)

P(AnB)

P(ANB)
P(A)

P(BIA) =




die example
continued
E =an even
number appears
F = a number less
than or equal to
four appears

| -

2
P(E|F):M:@:2:

1
PF) 4, 2

Notice that in this example, PE|F)= P(E)=%

We call E and F independent events.
A and B are independent if the

occurrence of one event doesn’t
affect the probability of the other.

P(A|B)=P(A)
A and B are independent iff|p(B| A) = P(B)

P(ANB)=P(A)xP(B)

A and B are mutually exclusive if it
is impossible for both to occur
simultaneously.

A and B are mutually
exclusive iff

P(ANB)=0

die example
continued
E =an even
number appears
F = a number less
than or equal to
four appears

PEnF)= E # (0 — E and F are not mutually exclusive
6

P(GNH)=0— G and H are mutually exclusive

G = {1, 2} =anumber less than three appears

H={4,5, 6} =anumber greater than three appears

example if H — toss once more
toss a coin if T — stop

H HH! !_1
H 2 22 4
bR | HT[LIE
T T |

2

_Tree diagram
S={HH,HT, T}

HH

N | =
N | =
A=

[SHIC
N | —
A=

HT

T S={HH, HT, T}

P(H appears at some point in the experiment | T appears at some point in the experiment) =

1
P(H appears N T appears) _/_1
P(H appears | T appears) = P(H appears N T appears __4__

P(T appears) 3 3
4




Multiplicative laws |[P(ANB)=P(A)xP(B|A)
P(ANB)=P(B)xP(A|B)

If A and B are independent—[P(ANB) = P(A)x P(B)|

Law of total probability

P(B)=P(ANB)+P(ANB)

= +

Additive Law

P(AuB)=P(A)+P(B)-P(AnB)

= e _

Complement Rule

P(A)=1-P(A)

A company makes fluorescent light bulbs in three
factories: Rockford, Sycamore, and Thompson. One
bulb is selected at random.
70% are made in Rockford: P(R) = .70
20% are made in Sycamore: P(S) = .20
10% are made in Thompson: P(T) = .10

W = a bulb is still working after 10,000 hours
of use

Rockford has a 90% success rate: P(W|R) = .90
Sycamore has a 80% success rate: P(W|S) =.80
Thompson has a 70% success rate: P(W|T) =.70

P(R) =.70 || P(WR) = .90
P(S)=.20 || P(W|S) = .80
P(T)=.10 || P(W|T) =.70

W

o |
R WRW
s W | SW
S S
208 W | sw

W | TW
TV_V o

.70x.10=.07

20%x.80=.16
.20x.20=.04

.10x.70=.07

.10x.30=.03

RW P(W)=.63+.16+.07 = .86

law of total probability

P(SUW)=.07+.16+.04+.03=.30

could have used additive law:

P(SUW)=P(S)+PW)—P(S W)
20+.14—.04 =30

P(S) = .20

> W | W P(T)=.10

R [.63 |.07|.704
S |.16 | .04 |.20"]

T .07 |03 |.10"
.90 .86 | .14 1

Probability Table| | P(R) =70

P(RAW )= 63
P(R) <70

PWI[R)=




S |.16|.04 .20 o \W(.16)
T |.07/.03].10 Wlo4
8614 1
TW
_
W .03

P(W)=.63 +.16 + .07 = .86

P(SUW)=.07+.16+.04+.03=.30

1% of the people on an island have Disease X.

A test for the disease is 99% accurate. Given

that someone on the island tests positive, what
is the probability they actually have the

Bayes Rule
P(A|B) = P(ANB) _ P(A)xP(B|A) _
P(B)  P(A)xP(B|A)+P(A)xP(B|A)
I I
P(AnB) P(ANB)
P(A|B) = P(A)xP(B|A)

- P(A)xP(B|A)+ P(Z)x P(B| A)

P(D)=.01
P(+|D)=.99
P(-|D)=.99

o + (D +oD-w
D—

> 6*
Sk - [§_[Pe9-sm)

disease?
Given: Asked:
P(D)=.01
P(+|D)=.99 P(D[+)=?
P(-|D)=.99
P(A|B) = P(A)xP(B|A) _
P(A)xP(B|A)+P(A)xP(B|A)
P(D|4)= P(D)x P(+| D)

- P(D)xP(+|D)+ P(D)x P(+|5)

P(D| )01 0099
01(.99)+.99(.01) .0099-+.0099

L
2

‘Plan: if a person tests positive, try again!

Given that someone tests positive three times
in a row, what is the probability they actually
have the disease?

P(D)xP(+++|D)

POD[+++)= P(D)x P(+++| D)+ P(D)x P(+++| D)

01(.99)°

PO+ =199y 1.99001)

=.99989798




Coin flips

1Y 1
Four flips: P(HTTH)Z(EJ :E

Five flips: P(at least one T) = 1 — P(no T)

5
=1—P(HHHHH)=1—(lj ST
2 32 32

Ten flips:

Which outcome is most likely?:
HHHHHHHHHH
TTTTTTTTTT
THHTHTTHHT

All three have the same probability!

N 1
[5) 1024

Ten flips:
P(5 H, 5 T in any order) = ?

= (T )(%jmz 252 Gjm = 246

‘# of ways to order 5H, ST‘

H— HHHHHHHHHH
r rET—
T —  {mmmmrTrTT]
o
~_ etc
T—H—
\ TTTTTTTTTT

7 red
2 green
1 black

\eage

A basket contains 10 balls:

3 will be drawn out one at a
time at random

With or without replacement?

—

Independent ‘Dependent draws
draws

7 red
2 green
1 black

\e228

With replacement:
P(RRR) = (.70’ =.343

P(BGB) = (.10)(.20)(.10) =.002
P(no black draws) = (.9)’ =.729

P(at least one green) = 1 — P(no G) =

=1-(.8)’ =.488

Without replacement:

P(RRR) = (lj(éj (éj =.292
10 )\ 9\ 8
~(L)(2}(2)=
P(BGB)_(loj@(sJ ¢
P(no black draws) = (%) (g) (%j =.700

P(at least one green) = 1 — P(no G) =

B

7 red
2 green
1 black

\eege




The famous birthday problem:

Would you be surprised if two people in
this room shared the same birthday?

P(at least one shared birthday) =
= 1 — P(no shared birthdays) =

assume: independent birthdays
equally likely birthdays

P(at least one shared birthday) =
=1 — P(no shared birthdays) =

1[(%)(%(%}(%?”)}

‘ Person 1 ‘ ‘ Person 2 ‘ ‘ Person 3 ‘

n P(at least one match)
10 1169
23 5073
32 7533
50 9704

A random variable Y assigns a value to
every outcome in the sample space

Now: a discrete random variable Y has
a countable (listable & not
““squeezable™) set of possible values

Later: a continuous random variable Y
has an uncountable (unlistable
&**squeezable”™) set of possible values

Y = random variable y = a constant

A =# of heads in three coin flips
A = { 0’ 17 29 3 }

discrete

B = height in cm

D (A
1) 1\1’

continuous

C = # of heads before first tail
C=1{0,1,2,3,4,5,... }

discrete

D = time to run one mile

continuous




Disclaimer: There exist countable
sets that are “squeezable”.

7 red
2 green
1 black

Draw two balls out one at a
time at random with
replacement

Y =#ofred draws = {0, 1,2}
R [RR|[7()-4y=2]
it
7R =E~R [RR| @=2[v=1]
= R [RR|E@-21[y=1
"SR [Re|Bo-#llv=9

Every discrete random variable has a
probability function p(y) =P(Y =vy)
0<p(y)<I

D p(y)=1

Every discrete random variable has a
cumulative distribution function (cdf)

F(y)=P( <)

Y =#ofred draws = { 0, 1,2 }

e
1 black
g

y |[P(Y=y)| F(y)

0 .09 .09

1 42 S1

2 | 49 1

1

7 red
S 2 g:en
Same basket, different 1 black
variable: now draw
repeatedly until black

appears

Y = # of draws until black
appears = {1,2,3,4,5, ... }

7 red
2 green
1 black

\eege

Y =# of

3 (.9)2(’1) BBB draws until
black appears

={1,2,...}

y P (Yzy) what would

we observe?

1 1 B

2 (9)(.1) BB

y |[(97(D| BB..BB




geometric distribution

|

p(y)=(.9)"(.1) ify=1,2,3, ...

=0 otherwise

i(g)y-1 (D)1
y=1

Population mean (expected value) of a
discrete random variable

Y = sample mean ll’l = population mean

p=ENY)=2y-P(Y =y)

Y > [ asn gets large

Y =#ofred draws= {0, 1,2 }

7 red

2 green
y |POY=y) L black
0 .09
1 42
2 .49

1= E(Y) = 0(.09)+1(:42)+2(49)

After many experiments, the average number of
red balls observed will be close to 1.4

Y = # of draws until black
appears = {1, 2, 3,4,5, ... }

7 red
2 green
1 black

PY)=(9" (D) ify=1,2,3, ...

=0 otherwise

H=E(N =3 y(9)" ()10
y=1

On average, we wait 10 draws to see the next
black ball.

Four buses carrying 40, 33, 25, and 50
students. (148 total)

*select one student at random
Y, =# of students on bus he/she rode

*select one bus driver at random
Y, = # of students on bus he/she drove
>

E(Y) < E(Y)

Four buses carrying 40, 33, 25, and 50 students. (148 total)
*select one student at random
Y1 = # of students on bus he/she rode
*select one bus driver at random
Y2 = # of students on bus he/she drove

E(Y) = 40[ﬂ] A 33(£j +25 (2) + SO(EJ =39.28

148 148 148 148
E(Y,)= 40(%)+33(i)+25(%)+50(%) =37
E(Y) > E(Y,)

10



example roulette

1 —36 (18 reds, 18 blacks)
0, 00 (2 greens)

Y = profit from a $1 bet on black= { -1, 1 }

one roulette player, 250 games

0.4 0.6 08 1.0

profit per game:

0.2

(0.0

ten roulette players, 250 games each

T T T T T T
0 50 100 150 200 250

games played

profit per game

T T T T
[ 50 100 150 200 250

games played

Doubling-Up Strategy

Goal: win $1
Bet $1.  If you win, stop. If you lose,...
Bet $2.  If you win, stop. If you lose,...
Bet $4.  If you win, stop. If you lose,...
Bet $8.  If you win, stop. If you lose,...

the catch: run out of money
maximum table bets

variance and standard deviation
of a discrete random variable

s? = sample variance
s = sample standard deviation

2 . .
O~ = population variance
O = population standard deviation

e Yo |
as n gets large
Ss>o g g

11



o =Var(Y)=E[(Y - u)’]

o> =Y (y— ) < py) =E(Y?) 47

“regular” “convenient”

Y = outcome of a loaded die={ 1,2, 3,4, 5,6 }

Y [P(Y=y)| y-p | (y-w?| ¥
1 1 -3 9 1
2 B -2 4 4
3 2 -1 1 9
4 2 0 0 16
5 .1 1 1 25
6 3 2 4 36
first find p:

1=ENY)=1C1)+2(.1)+3(2)+4(2)+5(.1)+ 6(.3) = 4

o=SD(Y)=o?

Y [P(Y=y)| y-u |(y-w?| ¥
1 1 3| 9 1

2 B -2 4 4

3 2 -1 | 1 9
4 2 0 0 16
5 B 1 1 25
6 3 2 4 36

ol = (y-p)’xp(y)=

y

[9( 1)+4(. 1)+1(2)+}

0(.2)+1(.1)+4(.3)

Y [P(Y=y)| y-p | (y-w?| ¥
1 1 -3 9 1
2 1 -2 4 4
3 2 -1 1 9
4 2 0 0 16
5 1 1 1 25
6 3 2 4 36
ol =E(Y?) -’

D +4(D+9(2) + L
_L16(.2)+25(.1)+36(.3)} (4)" =[2.8]

{

D (y—u)’xpy)=

9(. 1)+4( 1)+1(2)+
0(.2)+1(.1)+4(.3)

{

ICD+4(D)+9(.2)+
+16(.

o? =E(Y?) -4/’

}—(4)2 =2.8
2)+25(.1)+36(.3)

(o)

=Jo? =\2.8 =[L.67]

Computer Simulation: the loaded die
was rolled 1000 times.

n=1000
Y =4.043~ u=4
s2=284~0"=2.8
s=1.69~c=1.67

12



Y =#ofred draws= {0, 1,2 }

y |P(Y=y)
0 .09
1 42
2 49

1 =E(Y)=0(.09)+1(.42) +2(.49) = 1.4

From previous work, we know that = 1.4

y |PY=y)| ¥
0 .09 0
1 42 1
2 49 4

o’ =Var(Y)=E(Y*)—u’

=[0(.09)+1(.42) +4(.49)] - (1.4)* =0.42

o =+o? =042 =.648

Combination/Choosing Symbol,
a.k.a. the Binomial Coefficient

How many options do we have if we want
to choose 2 people from 4 (unordered,
without replacement)?

{ Al, Bob, Carla, Deb }

{Al,Bob} {Bob, Carla }
{ Al,Carla} {Bob, Deb } @

{Al,Deb} {Carla, Deb }

n

[ J = “n choose y” = # of ways to choose

y an unordered group of y objects from a
group of n without replacement

(n]_ n!
y) yln-y)!

4 4! 4x3x2x1 24
= = :_:6
2)" 2217 (2x1)(2x1) 4

50 people, choose 7 to win $10

50\ 50!
=—>"-99,884,400 |(n) (n
7 ) 7143! =

y n-y

50) 50!
=2 _ 99,884,400
43)” 43171 [“ .

1

50 !
( _ S0 o
1 11491

"o
50)_ 50! » [0 =
0 ) 0!50!

Binomial Random Variable
a special discrete random variable

Y = # of successes in n trials

Y=1{0,1,...n}

13



The following conditions must hold:

n must be fixed

each trial has exactly two possible
outcomes: success or failure

P(success) =p and P(failure)=1-p=q
do not change from trial to trial

trials must be independent

Are these random variables Binomial?

A =# of tails in 6 coin flips
A=1{0,1,2,3,4,5,6}

Yes:n=6,p=.50

B = # flips needed to have a total of 3 tails
B={3,4,5,...}

No: nisn’t fixed|

Are these random variables Binomial?

C =# of red draws if we
draw 4 balls out of this
basket at random without
replacement

C=1{9,1,2,3,4}
\No: p changes, and trials are dependent\

D = same as above, but with replacement

D=1{0,1,2,3,4} ‘Yes:n=4,p=-70‘

A company makes fluorescent light bulbs
W = a bulb is working after 10,000 hours of use

P(W) = .86 assume bulbs are independent

In a batch of n = 5 bulbs, what is the
probability exactly 4 will last 10,000
hours?

Y = # of successful bulbs
Y is Binomial withn= 5, p = .86

Y is Binomial withn= 5, p = .86

P(Y =4)= Gj(.86)4(.14) = 3829

(.86)"(.14)

‘Y IS. P(Y =0) =[5j(.86)°(.14)5 =.000054
Binomial .
withn=135, P(Y =1)=[f](.86)‘(.14)“ =.0017
p=.86 [sj .
P(Y =2)=| _ |(86)(14)’ =.0203
P(Y =3) =@(.86)3(.14)2 =.1247

5
4

P(Y =4) =[ J(.86)"(.14)‘ =.3829
(5

P(Y =5)=

5j(.86)5(.14)0 = 4704

14



Y is Binomial with n =20, p =.70
20
P(YY =13)= (13J(.70)13(.30)7 =.1643

In general: n trials, P(success) = p, P(failure) = q

("jpyqn-y B
P(y) = y y=0,1,...n

0 otherwise

Remember this problem?

Ten flips of a coin:

10
P(5 H, 5 T in any order) = 252 [%) =.246

Y =# heads in 10 flips

# heads ~ Binomial(n=10, p=.5)

s (g g -

p=E(Y)ZZy-PY=y)#np
o’ =Var(Y) % E(Y*)—’ #npq
o=3SD(Y) \/; \/npq

1 1

‘any discrete r.v. H binomial only‘

Basketball free throws:
n=20,p=.70

u=E(Y)=np=20(.70) =14
o =Var(Y) = npg = 20(.70)(.30) = 4.2

o =SD(Y) = /npq = /4.2 =2.05

Batches of n = 5 light bulbs, p = .86

u=EN)=np=5(.86)=4.3
o’ =Var(Y)=npq =5(.86)(.14) =.602

o =SD(Y)=./npq =+.602 =.776

A class has 9 women and 6 men. If the
class meets 10 times with perfect
attendance at each meeting, and a student is
selected at random at each meeting, what is

P(a woman is selected 7 times) =

10
# women ~ — 7\ — 7 3_
Binomial(n=10, p=.6) P =7)= [7 j(é) (el S

# men ~ P(a man is selected 3 times)=
Binomial(n=10, p=.4)

10y .
P(Y :3):(3 J(.4) (6) =215

15



Geometric Random Variable
a special discrete random variable

*closely related to Binomial (same
rules but n isn’t fixed)

Y =# of trials needed to observe first success
Y={1,2,...}

P(success) =p

A new radio communcations system attempts to

send a signal to a receiver in the basement of the

EERC once a minute. The probability of success
on each attempt (independently) is .25.

Y = # of attempts needed to observe first success
PY =3)=P(FFS)=
(1-.25"(.25) =
=(.75)*(.25) =.1406

Poisson Random Variable
a special discrete random variable

Y =# of occurrences of an event in a
specified time period

Y={0,1,2,3,...}
ﬂ,z mean rate of occurrences

A>0

P(y) = 1-p'p y=12,..
0 otherwise
u=E(N) ==
IfYis -
Geometric, o’ =Var(Y) = 2p
then .
a:SD(Y):\/?:@

A new radio commincations system attempts to send a signal to a
receiver in the basement of the EERC once a minute. The
probability of success on each attempt (independently) is .25.

Y =# of attempts needed to observe first success

On average, the # of attempts needed is

1 1
“=E(Y) b~ 25

1—2|o:1—.2§:12
P’ (25)

o=+12=346

o’ =Var(Y)=

2

—e =0,1, ...
P(y)= y! Y

0 otherwise
- / A -1 - //Ly AAA
Z—e —e Z—:e et =1
=0 ¥ o Y

16



If' Y is Poisson, then

u=EX)=12
o’ =Var(Y)=A1
o =SD(Y)=+v1

)
Pv)=-8/ ¢

‘ ify=0,1, ...
y!

P(no strikes for the next year) =

(ljo
g) 1 !
P(Y =0)=~ <~ f=e ' = 88250

Y = # of lightning strikes to ME-EM
per year

Y is Poisson with 4 =0.125 = é

1
u=E()=d=g

1
On average, we expect g of a lightning
strike per year (one lightning strike
about every 8 years).

P(at least one strike within the next year) =
P(Y >1)=1-P(Y =0)=1-.88250=.11750

P(exactly 3 strikes within the next year) =

8l
o 1
8) &% = 000287~

P :3 =
(=3 3! 3481

Y =# of orders placed per day on a
sales website

Y is Poisson with 4 =5
u=EY)=4=5
o’=Var(Y)=1=5
o=SD(Y)=+1 =+/5=2.236

P(three or more orders will be placed
tomorrow) =

P(Y >3)=1-P(Y <2)=
—1-[P(Y =0)+P(Y =1)+P(Y =2)] =

0 1 2
T ENPIRE AN M) SR 1+5+§ =
0! I 2! 2

=1-.12465=.87535

17



Two other discrete r.v.’s found in
the text:

Negative Binomial
Hypergeometric

A continuous random variable Y has an
uncountable (unlistable &*“squeezable’)
set of possible values over an interval

f(y) = probability density function

(y)
>N

P(a<Y <b) = thearcaunder f(y)
between a and b

0

[ fpdy=1

—00

Yo

F(y,)=P(Y <y,)= [ f(yxy

—00

P(y, Y <y, = | f(y)y=F(y)—F(%)

Yi

E(g(y) = [ g(y)f(y)dy

p=E(y)= [ yf(y)dy

P(Y = y,) =0

paradox?

since

[ feyay=0

Yo

P(y1 <Y < yz) = P(y1 <Y < yz)

18



Uniform Random Variable
a special continuous random variable

[ ]

| a b

1
F(y) = E a<Y<hb
0

otherwise

If'Y is Uniform then
a+b
u=E)=22

o =Varw)=%

o=SD(Y)=

b-a
J12

Y = weight (grams) of a randomly
selected car part

Y is Uniform on (2.97, 3.01)

2.97 3.01

On average the car parts weigh

_ 297+3.01 _ 299 grams
. C(3.01-2977° 1
o =Vary) =" = o0
1
o =3D0) =725

P(2.99 <Y <3.00) =.01(25) = .25
3.00

P(2.99<Y <3.00)= [ 25dy =.25

2.99

i
297 298 299 3.00 301

Exponential Random Variable
a special continuous random variable
(closely related to the discrete Poisson r.v.)

Ae y>0,4>0
f(y)=

0 otherwise

19



fy=te™ |\

Yo Yo
F(y))=P(Y <y,)= [ f(y)dy= [ 4e*dy =

—0 0

(_e—uyo) ) _ (—e“(’) ) —1—g M

If'Y is Exponential then

3 1
=EY)=|ylePdy=—
p=E(Y) !y ==

E(Yz)zjy%e-“dy:%
0

o =Var(Y)=E(Y?)— & :%_(ﬂ :%

A
[1 1
=SD(Y)=,|—=—
o ) A A

recall: a Poisson r.v. counts the # of
occurrences of an event in a specific
time period
Y={0,1,2,... }

ﬂ« = mean rate of occurrences

now: an Exponential r.v. is the waiting
time until the next occurrence

Poisson: # of lightning strikes to
ME-EM per year

A=n
8

Exponential: waiting time until next strike

On average, we wait 8 years until the next strike:

I 1
U:EY =—=
) A

7"

8

f(y)=1e"

1 —v

—ed y>0
f(y)= 8

0 otherwise

before: (Poisson)
P(no lightning strikes for the next year) =

(lj"
g) 1 1
P(Y =0)=~ e ' =e * = 88250

Poisson with 4 =—

y
P(Y = y)= e
y!

20



now: (Exponential)
P(waiting time is one year or more) =

21 L
_ P>D=| %e dy =
1

1
1 1 1
=[—e 8 )J—(—e 8m):e 5 = 88250

P(we will have a lightning strike within
the next 5.5 years) =

55

P(Y <5.5)= |

e

0 | —
<

dy

Y = waiting time (minutes) until the
next customer logs in to their account
on a bank website

Y is Exponential with 4 =2

On average, we wait a half minute until the next
customer logs on:

1 1
—E(Y)=—=—
u=E() P

(Poisson would count how many customer log-on’s per
minute)

Y is Exponential with 4 =2

2e y>0
f(y)=

0 otherwise

P(no log-on’s for the next

5 minutes) = -

P(no log-on’s for the next
5 minutes) = I
P(Y >5)= jze‘”dy =
5

1
2026

=(-e7@)—(-e7?) =€ =.0000454 ~ 5

Two other continuous r.v.’s found
in the text:

Weibull
Gamma

21



MA 3710
35-37

A

M Paris Casino
Eiffel T_ower Las Vegas
Paris

“standardizing” an observation

(finding its Z-score) is measuring how

many standard deviations above or
below the mean it is

z=Y"H
g

score| possible d | O /

You | 100 | 200 | 80 | 20 1

Friend 75 | 100 | 80 | 10 | -0.5
_100-80_,
20 Y-u
l=—"-
_75-80_ . o
10

Normal distribution (bell curve)
The most famous continuous .

If Y is normally distributed, its possible
values are-{o, ©). The curve is centered
around its meap and its width depends on its

standard deviatioo

V.

inflection
points

N(u=15, 0=1)

N(u=5.Q/\\ N(;:S,G:Z) /\ /
NAN

5 15

Would a person with a height &0
above the mean be “pretty tall”, or
would they be a giant?




Empirical Rulefor normal distributions

I 4 A Y
7 \
7 Y
/ Y
i A
! LY
!
fi— 68%—it
i LY
£ A
i Y
£ A
y N
i LY
o 95% N
9970 () T ——__

‘E—éc H-20 p-o W U+o p+20 LIJ.+§C;

IQ scores u#=100
Pt o=15
£ M
r L}
/ LY
i LY
g 3
f LY
Jl+— 68%—}
i LY
i LY
i LY
/ \
i LY
/ \
Y 95% .
e = 9970 (4 = B o

55 70 85 100 115 130 145

if a normal curve hag=0 ando=1, it's
called the standard normal curaed we
use Z instead of Y.

0
z
P(Z < 1.55)

Z~ N@=0,0=1)
f(2) :ie_%z —00 < Z< 00
N2
9394
0 155
Z
P(Z < 1.55) .05
= 9394 |

1.5|—.9394

Standard Normal Table

1. area under curve = 1

2. curve is symmetric around zero

3. table always gives you area to th
LEFT of a z value

1%




P(Z <-0.77)

0
VA

P(Z >-0.39)

P(1.05< Z < 2.41)

=.8451

206 / N\
N
B
-0.77 0
z
P(Z <-0.77) .07
= 2206 |
-0.7—.2206
=-’:/f_\i
3483  / N
\ A 1-3483
S =6517 N
gy , S~
-0.39 0
z
P(Z >-0.39) .09
= 1-.3483 |
=.6517 -0.3—.3483
19920
1469
105 0 241
z
P(1.05< Z < 2.41)
= .9920-.1469




84137

87 /SN
/ N

___// | \‘k

0
Z
P(-1.00< Z < 1.00)

-1.00 0 1.00
ya

P(-1.00< Z < 1.00)

=.8413-.1587
=.6826

Empirical Rule!

N SN /N
/N fN 2

A N Vi A A \

A i~ v — A

-10 1 -2 0 2 -3 03

P(-1<Z < 1) =.6826~68%

P(2< Z < 2) = .9544 95%
P3< Z < 3) = .9974 99.7%

P(Z <z)=.0708

0708
Z 0
Z
.07
P(Z < 2) = .0708 I
z=-1.47

-1.4—.0708

P(Z > z) = .6480




1-.6480= /" ™\
3520 N\

> /l' .6480 \
S

P(~z<Z<2z)=.95

\_\/1

Z
.08
P(Z > ) = .6480 i
z=-0.38
—-0.3—.3520
N\
05/ =.025 / N\, 0%=02

0
z

95 i
N

.06
P(~z<Z<2z)=.95 I
z=1.96 ~1.9|—.0250
-z =-1.96

P(-1.21<Z<2z)=.7330

-1.21 0
Z

.02

P(-1.21<Z<2z)=.7330

z=1.02 1.0

—.8461

Z, = value witha area to its right

a
1«




PN

025 /N 025
7 | | ~
-1.96 0 1.96
z

Z, = (1-a)100" percentile

90" percentile =Z ,,=1.28
TN

/ .90 !5/

o 1.28
Z

10" percentile Z 4,=-1.28

25N percentile =Z ;= —0.67

25/ N\
&| .75 E\—X_
|
067 0
yd

75" percentile Z ,. = 0.67

“regular” normal distributions

standard normal = Z ~ NEO, 0=1)
(we have table)

normal =Y ~ N(1, 0)
(no table!)

Y = gallons of milk placed in a plastic jug

Y ~ N(u=1.02,0=.01)

1 1.02
Y




_/ —/

1 1.02 -2 0
Y Z
1-1.02
<1)= P |Z< =
P(Y <1) ( 01 j

P(Z < —2) =.0228

P(1.008 <Y < 1.038) =

,-‘//\‘-.
/ AN
/] RN
- 1.oios 1.02 1.838 -
Y

1.008 1.02 1.038 _12 0 18

LY tz]

P(1.008<Y<1.038) =
P 1.008- 1.02<Z < 1.038 1.0
.01 .01

= P(-1.20< Z < 1.80) = .9641 —.1151 = .8490

70% of all milk jugs contain more than
k gallons. (k is the 30percentile).
what is k?

.30
.70

K 102

.30

k-1.02_ .,
.01

k-1.02=-0.52(.01
k=1.02- 0.52(.01F 1.014

percentile or
any normal|= M + Zo
curve

=)

corresponding

percentile on Z-curve




80% of all milk jugs contain a volume ¢
milk in an interval centered around
p=1.02. What is it?

(AiB) ;/_\\
VAN
.10 80 10
A N
A 102 B
Y

A 102 B ~1.28 0 1.28
Ly 1z
A—1.02: _1.28 B_1'02:1.28

.01 )
A=1.0072 B =1.0328

(1.0072, 1.0328)

Y is a random variable

w =E(Y)=pu

(the sample mean is an unbiased
estimator for the population mean)

o2 :Var(\_()za?2
o, = SD(\_() =%

IF sampling with replacement
or from an infinitely large population

We know the mean, variance, and
standard deviation of the sample
mean.

But what kind of random variable is
it???

Central Limit Theorem




Case 1if you are sampling from a
normal population, then the sample
mean is normally distributed

Case 2even if the population isn’t
normal, the sample mean is still
approximately normally distributed

if the sample size is large £n30)

Y ~ anythin P \?:N( ,1]

Y = gallons of milk placed in a plastic jug
Y ~ N(u=1.02,0=.01)
before n=1:P(Y <1)=.0228

now. What if we randomly select n = 2
jugs and compute the sample mean”

P(Y<1)=7?

N(1.02,.0) Y-~ 102

before, when

we were interested . now we a.re_
in'Y interested iny

1 1.02 -2.83 0
Y Z

P(Y<1)= P [z<1‘1'°2}:

Y

P(Z < —2.83) =.0023




As n increases, the probability decreas

Nl Z | py<1
1| —2 | .0228

2 |-2.83| .0023

3 |-346| =_1
3759 .

4| 4 - S
31574

5|-447) =2

" 258257

D

from before Y = weight (grams) of a
randomly selected car part

Y is Uniform on (2.97, 3.01)

2.97 3.01

On average the car parts weigh

= Mlz 2.99grams
s vy < (30172973 1
g ar(v) 12 7500
1
=P(Y) =
d () A 7500

T L,

many observationsmany observations
of Y (n=1) of the mean (n=5)

many observations of the mean (n=30

If you select n = 30 car parts at randonln

and compute the sample mean, find

P(2.987<Y < 2.991

NN\

2.987 2.99 2.991 -1.42 o 0.47
Y | z ]

P(2.987<Y < 2.991) p| 2987299 ;299 299

10



P(2.987<Y < 2.991F

2.987- 2.99 2991 299 _

P <Z< =

P(-1.42 <Z < 0.47) =

.6808 —.0778 = .6030

P(2.987<Y < 2.991F .603

On your own later:

P(2.987<Y < 2.991F

P(2.987<Y < 2.991FP { 1.84Z< 0.68 .69

2.987 2 99 2.991

Assessing Normality

How can | tell if my data came from
a normal distribution?

If your data is normal, then...

1. Histogram and stem-and-leaf plotg
should be bell-shaped:

0

7

33

0125
456678
14667899
224456
1132

69
2
0

FlreeEeeeeeR
FOOON®UAWN

2. Empirical Rule:
About 68% of the data should be in:

(Y -s,Y +5)
About 95% of the data should be in:
(Y-2s,Y + 25)

About 99.7% of the data should be in
(Y —=3s,Y +X)

11



3. Normal Probability Plot (QQ Plot)
should look linear:

1.5
normal 19 c

percentiles g 5
O °

-0.5

-1.0

-1.5

ordered data values

suppose n = 10

10 randomly selected football players weigh
(ordered)

{248, 253, 263, 272, 274, 286, 307, 310, 312, 3]

Is the population of weights normal?

.
S
L /

1

5th percentlle

-1.645
330
320 £
4 *
310 .
200
290 |
*
80
* 278
* 260 -
* < 250
240
2 15 1 05 0 05 1 15 2

percentile z weight
5th -1.645 248
15th -1.04 253
25th —0.67 263
35th —0.39 272
45th -0.13 274
55th 0.13 286
65th 0.39 307
75th 0.67 310
85th 1.04 312
95th 1.645 323
1.5
1.0 . ”)’. :
0.5 [
0 A good
-0.5 Kot
-10| ,» ’
-1.5

260 270 280 290 300

if the plot is roughly linear, it is reasonable to
assume the variable is at least approximately
normal

—

S

b3}

12



1.5
10 < -,
0.5 ie

0 >
-0.5 .
1.0 ("’.’
15/ “%

260 270 280 290 300

weak-tailed LI:L uniform

15
1.0
0.5

-0.5

-1.0 or
-15 ’

260 270

heavy-tailed "

280

N

290 300

\_ t-distribution

15
1.0 s
0.5 s

0 o
-0.5 »¥
-1.0 e

7 o

-15] 7 -
260 270 280 290 300

right-skewed //\

15
1.0
0.5

-0.5
-1.0 ¥ 1
-15| -

260 270 280 290 300

watch for outliers

If Y~N(u,0) then

z=ﬂ~N(y=o,a=1)
AT
I

\one random variab_e

If ois unknown, then it must be
estimated with s

\two random variablés

13



data set: {Yl,YZ,...,Yn}

The sample variance examines deviations
(distances from values to the mean)

(%-Y). (% =), (¥, -Y)

(Y1 —V) +(Y2 —V) +...+(Yn —\_() =

SY-ny=>Y- %:o

The sample variande the “average”
squared deviation

sample variance s

_ . (2Y) .

D 2 P\ Sy i 1),
n-1 n-1 n(n-1)
regular convenient book

sample standard deviation = sy=*

S _45
data set: { 3, 7, 10, 11, 14 } Y=g=9
Y Y=Y (v-) y?
3 -6 36 9
-2 49
10 1 100
11 2 4 121
14 5 25 196
45 0 70 475

sy (ZY) 58

§ = L= 2_=17.5
4

e MY (XY) _sers-48 o
n(n-1) 5(4)

A standard deviatiois the “typical distance” from
a value to the mean in a data set

{10, 10, 10, 12, 12, 12}
Y=11s=1s= 1.09!

{0, 0,0, 0,100, 100, 100, 100 }
Y =50,s= 50s= 53.4!

{3,7,10,11,14}Y =9,s =17.55= 4.1

{13,17,20,21,24}Y =19,8* =17.55= 4.1
If you add k to a data set:
Y new = Yo +k
S%new = Sald

Snew = Sold




{3,7,10,11,14}Y =9,s =17.55= 4.1

{30, 70, 100, 110, 140y =90
s* = (10’ x17.5= 175(
s=(10)4.18= 41.8

If you multiply v (v

a data set by k: Yoo = (Yold ) k
Sznew = (Szold ) k?
Sm/v = (Sold )|k|

{3,7,10,11,14}Y =9,s =17.55= 4.1

{-3,-7,-10,-11,-14}
?ns/v :(?old)k \_(:9(—1):_9
s = (a2 S =1TBX C1f =17

S =(S0)K 57 4.18x|-1= 4.18

*symmetric around zero

*total area under curve = 1

T-curve *shorter and wider than Z
and *degrees of freedom

T-table

/Z: Too

The T-table gives you t-values with an are

to the left
95%
| 95
5 |[—2.015 SoE
TS

.05 .05 90 .05
-2.015 0 —2.015 9 2.015
Ts Ts
005
.99 995
0 2.528 0 2.750
Tzo T30

025/ g5\ ,025

—2131 0 2131
T15

.40
.025

1321 0 2.074
TZZ

15



Notice that as the d.o.f. increase, the t-values|
decrease, approaching the corresponding Z-va

_f/ﬁ\‘:
.025 4 A

X <

-1.96 o 196
Z

16



MA 3710
CH4

Parthenon
Athens

population sample

unknown statistics
parameters (estimators)

Statistics (estimators) are random variables with
their own means, variances, and standard
deviations.

If E (9) = @ then é is an unbiased
estimator for &

Y and s? are unbiased:

s is biased:

An estimator with a smaller variance is
called more precise:

MOTe Precise ——

less precise\

Inferential Statistics

population sample

random

Three Options:

1. Estimate p with V (point estimate)

2. calculate an interval of plausible values for p
(Y-EY+E)
E = error margin
(confidence interval)
3. answer a question about p

example: does 1 =8 ? Yes/No
(hypothesis test)




situation:

i 1s normal because Y is normal, OR
Y is approx. normal because n>30 (CLT)

‘G is known (for now)‘

(o)

BV

.025 95 025

-1.96 0 1.96
Z

025 05 N\ 025

1969 M 44196-
u 1.96\/5 Mo T

Y
O = O
95=P —1.96— <Y < u+1.96—
[“ ER ﬁj

(o)

o
95=P | u—1.96—=<Y < u+1.96
[ o ﬁ]

(02 = O
95=P| -196—<Y —u<196—
( a ﬁ]

Jn
> O > (o)
95=P| Y -1.96—=<—u<-Y +1.96—=
( N &j

95= P(—\?—l.%ﬁ <u<Y+196-Z
Jn

Jn
= (o) = O
95=P|Y+1.96—> 1>Y -1.96—
( W n

95= P[\_( 196-Z < u<Y+196-Z
Jn

Jn

Therefore, if we take a random sample
and calculate the interval

Jn Jn Jn

then we are 95% confident p is inside
the interval
(the interval “captured” p)

[\_(—1.961 , \?+1.96£j=\? +1.96-Z




population

(91,97)
7Y}
)

(96,102)

Interested in p = population mean weight
among all MTU students

n=30 —
Y +1.96-

known: 6=25 \/ﬁ

150£196-2 = 150+ 8.95
V30

= [(141.05,158.95)

(141.05,158.95)

True or false??

(141.05,158.95)

True or false??

95% of all MTU students have a weight
~between 141.05 and 158.95-
false!

— We know that 141.05 << 15895~

false!

(141.05,158.95)

True or false??

false!

we are 95% confident that
141.05 <pu<158.95
(the interval captured )

true!

We know that in the
long run, 95% of our
CI’s (horseshoes) are
successful, but we
aren’t certain about
/< any particular one.

Analogy 1:
horseshoes

@"L&-\ =

o oS
4

Thrower can’t h h o
see pin arsesnoe pImn

sampler doesn’t
know p CI u




Snalogl & pyilging a Clis
b like tossing this

coin off a bridge.

5%

interval %

95%
interval

captured p
9

didn’t &
capture p

95% CI = Virl.%i

[ VY

confidence point T
level estimate €rror margin

what about other confidence levels?...

025 05 N\, 025

-1.96 0 1.96
Z

95% CI for p =

v O
Y £1.96 —
A/ n

.05 90 05

—1.645 0 1.645
V4

90% CI for p =

Y +1.645-

Jn

.005 99 005

—2.576 0 2.576
V4

99% CI for p =
Y +2.576-

Jn

DR
| R

1-a

_ZOL/2 0 Zoc/2
Z

If 5 is known and Y is normal or approx. normal:
(1-0)100 % CI for p =

Viza&%




Thinner intervals are more useful than wider ones.
What makes an interval wider or thinner?

larger o, wider interval
Y+7 9
—al2 /n
more confidence, wider \
interval (trade off)

N\

larger n, thinner interval

Would a 100% CI make sense?
0

1 0
—Q0 0 Q0
Z No! It
100% CI for p = would be
Ty

known: =15 141 0 141
zZ

N/ O
84% CI for p Y +1.41

Jn
15

50£14]l—=50=%2.115
V100

=[(47.885,52.115)

Suppose (98,102) was a 95% CI for p

what was Y 9 28+102_ .o
2

what was the error margin?

100+ E = (98,102)

5=2

interpretation: 95% of the time, the
difference between Y and p
(the sampling error) is at most 2

if we want the EM to equal some small
number B, what sample size is necessary?

o Z oY
Z, =B >|n = | S22
= [Bj

from before: weights of MTU students

Y =150 95% ClI for
n=30 =150+8.95
o=25

If we want an error margin of 3 pounds or
less with 95% confidence, we should sample

2 2
n:[szJ =(1'963(25)) =266.78 1 267

B
267 students




Up until now, we have assumed o is
known. More realistic: what if ¢ is

o known — use Z-curve

o unknown — use T-curve

unknown?
population sample
random
ao/2 - o2

_ta/Z,n-l 0 ta/2, n-1
T

If & is unknown and Y is normal or approx. normal:
(1-0)100 % CI for p =

Y +t

S
a/2,n-1 ﬁ

n-1

| = population mean cholesterol level among
70-year-old American men

Y=442 90% CI for
n=19
= Y ta/2 n-1-

VNI

-1.734 0 1.734

Y =442 90% CI for p
n=19 . S
s=3.8 Y+1.734—

Jn

44.2+1. 734( 08 ]:44.2i1.512
J19

= [(42.688,45.712)

n = 16, c unknown
An 80% CI for p was (48,54)

48+54
2

what was Y ?

ﬂ (I
)/M \f

—1.341 0 1341

15

=51




51+ E =(48,54) > E =3

|

1.341—— =3

N

|

S
1.34] —==3 > -S =8.949
V16

n =75, c unknown
want a 95% CI for p

ﬂ:.OZS

0 025,74
Ty,

tg2s, 74 18 not on the table, so take t )5 ¢ = 2.000

If the d.o.f. you want is not on the table, take the
largest d.o.f. less than the one you want. This will
make CI’s slightly wider than they should be.

population sample

random

Options:
1. point estimate
2. confidence interval
3. hypothesis test
answer a question about p

example: does =8 ? Yes/No

null hypothesis (H)

statement to be tested

alternative hypothesis (H,)
the alternative to H,,

(if Hy 1sn’t true, what do I
suspect might be true

Analogy: court trial
H,: defendant is innocent ~— benefit
H,: defendant is guil of the
} e doubt
decision

“reject H,” or “don’t reject H,”

we reject Hy only if we have
convincing evidence (significant data) that
H, is false

instead?)
reality (unknown to us)
H, true H, false

decision -
. Type 1 R

reject H error ~

2 & Type 2
don’treject Hy | & error




Type 1 error (more serious):
rejecting H, when its true

P(Type 1 error) = o = significance level

Type 2 error (less serious):
not rejecting H, when its false

P(Type 2 error) = 3

plan: give H,, benefit of the doubt
(temporarily assume H;, is true),
examine the evidence (data) and see if it
is consistent with H,’s claim

Three balls will be drawn at random
with replacement from Basket A or
Basket B. You don’t know which one.

H,: Basket A (9 red, 1 green)
H,: Basket B (1 red, 4 green)

*let’s reject H, if we observe
3 greens in a row

o = P(Type 1 error) = P(reject H, | H, is true)
=P(GGG | Box A) = 1
(.1’ =.001=——
1000

H,: Basket A (9 red, 1 green)
H,: Basket B (1 red, 4 green)
a = P(Type 1 error) = P(reject H, | H, is true)

=P(GGG | Box A) = (1 _ go1—__

1000
3 =P(Type 2 error) = P(don’t reject H, | H,
is false) = p GGG | BoxB) =1-(.8) = .488

we could force o = 0 by never rejecting
H, but that would cause P to equal 1!

forcing o to be small usually causes
[ to be large and vice-versa (trade-off)

example
Purchasing shipments of iron ore pellets:
u = mean weight among all shipments
being purchased (unknown)
6 = 10 pounds (known)

Supplier claims that “the average
shipment weighs 80 pounds”
You suspect you may be getting
shortchanged.




H,: p = 80 pounds

three options for H,
H,: 1t < 80 pounds (left-tailed or lower-tailed)
H,: p > 80 pounds (right-tailed or upper-tailed)
H,: p # 80 pounds (two-tailed)

H,: n < 80 pounds

Hy: p =80
H,: n<80
plan: randomly select n = 30 shipments,

weigh them, compute Y , and reject H,
if 'Y is “toolow”

How low is “too low”?

willing to make a Type 1 error
with probability o = .05

*temporarily assume H,, is true:

Y~ N(,u SOG—IOJ

M\/\

-1.645 0

*compute ? , standardize (convert to a
Z-score) and reject H, if Z <—-1.645

rejection region/critical region:
R:Z<-1.645

*given info:
The experiment is conducted and
Y =76 pounds

_Y-u_76-80

test statistic statistic: £
/f / V30

=-2.19

This test statistic is measuring how
many standard deviations above or
below average Y is if Hy is true.

Since the test statistic is inside the
rejection region, we reject H,

What if, in reality, u actually does equal
80 pounds?

then a Type 1 error occured

What if, in reality, p equals 77.2 pounds?

then no error occured




One-sample Z-test for p

y is normal or
approximately normal and & is known

Step 1

choose H, , H, , and a =significance level

Hyp=k

‘One-sample Z-test for u‘

H:p<k OR Hi:pu>k OR Hi:p#k

left-tailed right-tailed

lower-tailed upper-tailed two tailed

Step 2
Determine test statistic:

7 _Y-u

YAG

Step 3
find R = rejection region/critical region

o — size; H, = location

[NAN

_Z(x

0
7 left-tailed

right-taﬂej\ia

0 Z,
Z
%B/\L%
72“/22 Zan two-tailed

Step 4
Conduct experiment and find value of

test statistic

10



Step 5
conclusion:

if the test statistic falls inside the
rejection region, reject H,,

reject Hy —
“we have significant evidence at level o
that H; is false”

don’t reject Hy —
“data 1s not significant at level a.”

Sometimes we compute a CI for p after
a rejection of H;, to report the location of
plausible values for p.

_Y-u_53-50

/f /64

don’t reject H,
data is not significant at o = .01

=15

example
Hy:p=50

H,: p#50 2576 () 2.576
a=.01 Z

oc=16

n=64 .7 25760rZ>2576
Y =53
example ‘/\ 09
Hy: p =70 P
o= .09 Z

c=12

n=236 R:Z2>1.34

Y =74

.09
0228
0 134 2
Z
Y Y—u_74-70 reject H,,
=)
/f /36

11



Data significant at o = .09
Data significant at o = .05
Data not significant at oo = .01

*p-value = area further into the tail(s) from
the test stat.
*Measures how significant the data is

*The closer the p-value is to zero, the more
evidence you have against H,

*If H,, is true, p-value = the probability of
observing data as extreme (or more
extreme) as what was observed

right-tailed p-value
S~
0 ts
P-Valumailed
ts 0

p-value p-value
2 2
M

—ts (0 ts

two-tailed

On a two-tailed test, a p-value is twice
the value it would otherwise be.

0 1.34 2
V4

‘HO is rejected iff p-value < o ‘

‘HO is not rejected iff p-value > a ‘

o=.08
Alice’s p-value = .04

b — 1
Betsy’s p-value =

Both rejected H, but Betsy is more
confident in her rejection than Alice is.

12



p-values in previous examples:

Iron ore shipments
H,: =180 .0143

H,: p <80

219 (
o=.05 7
Z=-2.19
rejected H,,

p-value =.0143 <o =.05

How are hypothesis tests different when
G is unknown?

o known — Z-curve
o unknown — T-curve

A one-sample T-test for p (¢ unknown)
is on a t-curve with n—1 d.o.f. and has a
test statistic of

Y-u

VAT

p-values in previous examples:

Hy: p=50

Hex % 50 .%Wms
E

a=.01 — 5 0 15
Z=1.5

, : Z
didn’t reject H,,

p-value = 2(.0668) = .1336 >a = .01

| = population mean cholesterol level among
70-year-old American men

- assume: levels are normally
ﬁo' " jg 2 distributed
A M .
a=.05 '05\/(\
Y =442 ~_1.734 0
iy T
' R: T<-1.734

Y-u 442-455

Jr Vs

.05
don’t reject H,

T

=—1.49

data not ~1.734 ()
significant at Tyg
a=.05
R: T<-1.734

.05 <p-value <.10

10
p-value
.05
-1.49 0
T
~1.734 Lz

-1.33

13



Given these test statistics, place bounds on the p-value:

n=21 T_YoH_, 025«
two-tailed >

p —value <05

H_
T

.05 < p—value <.10

—.05

p—value
2

— .025

n=26 T- Y-u -2 ‘ .01 <p-value <.025
right-tailed %/ﬁ
—.025
p-value
—.01
0 2.1

Tos [206]  [2485

-2 0 2

Ty [1725] |2.086

n=11 1-Y-#__o5[10< p—value <.50]
left-tailed ¥,
.50
p-value
.10+
— [ s 0

A connection between two-tailed tests
and confidence intervals

% % 7= You
I-a 7
_Z(X/Z 0 ZO./Z

Z _
_k<Z

Y
We won’t reject Hy iff ~%«2 < 7
n

al2

algebra I

v (o2 v (o2
| I Y_Za/2ﬁ<k<Y+Za/2ﬁ

Hy:p=k
H:p=k
o % %
-
_Zoc/2 0 Z0(/2
V4
Therefore...
We won’t reject H, iff the (1 — a)100%
CI for p captures k.

We will reject H iff the (1 — a)100% CI
for u doesn’t capture k.

*o must be the same
*same data
*H, must be two-tailed

14



A 95% Cl is (160,180)

A 95% Cl 1s (160,180)

Hy:n=173
Would we reject {H, : u#173}?
a=.05
No, since the 95% CI contains 173.

H,: =183
Would we reject {H, : u #1832
a=.05
Yes, since the 95% CI doesn’t contain 183.

a=.01
No, since the 99% CI would contain 175.

Hy: =175
Would we reject {H, : u#175}?

H,:p=183
Would we reject {H, : #1832
a=.01

We don’t know — it depends on whether or not the 99% CI contains 183.

Two things in the book we are
skipping over:

*power & sample size

p = proportion of people or things in the
population with a certain characteristic

p. 197-202
*prediction intervals
p. 216
population sample
random

. n=100
p = proportion of v =25
students who walk
to school = .27 ~ 25
p=—"=.25
100

n = sample size

Y =# of people/things in
sample with characteristic
Y={0,1,2,...n}

o
[l
s | <

Y is Binomial
n trials, P(success) =p

#=np,c’ =npg, o =/npq

15



before: ? estimates [
checklist:

? normal or approx. normal

E (V) = 4 (unbiased)

N

now: P estimates p

checklist:

ey

p approx. normal (must have n>30)
Y

E(B)zE(—j:%E(Y)z %(np)z p

n

(unbiased)

SD(V)z%
Var(p) Var(%) %Var(Y):z—j: n:zq _ r?]q
sD(p)= Pq

Confidence Interval Recipe:

Estimator & (Z or T) SD(Estimator)

(1-a)100 % CI for p

AN

Filling one gallon milk jugs. What proportion of
jugs does our filling process successfully place at
least one gallon of milk in?

n=100 Y=80 5-30_ ¢
100
95% CI for p

p+Z/2/ 80+196/§(§

=.80%.0784=|(.7216,.8784)

If the sample had been 800 out of 1000,
the 95% CI would have been

thinner

80+1.96,22) — 80+ 0248 =(7752,.8248)
1000

16



If we want the error margin to equal
some small value B, what sample size is

necessary?
AR 2
P | = gl Laz
B=7 — —>|N= —
al2 n pq B

If you have no prior estimate of p, use P = .50

Milk jugs again. What if we wanted a 99% CI for
p to have an error margin of .01? What should n
N be?

p=.80
~n(Z Y 2.576Y
n:pq(?ﬂj :.8(.2)(Tj =10617.21[10618|

If we had no prior estimate of p:

an(Z..Y 2576 Y
n:pq(?’zj :.5(.5)('0—1j =16589.4 116590

Test Statistic Recipe:

(Z or T) = (estimator) — (hypothesized parameter value)
SD(estimator)

Z: B_pO

A gambler has invented a new strategy for a game
where players are supposed to win 49% of the
time. He hopes his strategy will win more often.
To test it, he plays the game 80 times and wins 44
of them. (a0 =.05)

sample

p=P(win)
while using
strategy

Hy:p=p,
Three Mo = p< B
options for {H,: P> P,
o H,:p=p,
7= B_po
po(l_po)
n
H,: p=.49 L
H,:p>.49 a
0 1.645
R:Z>1.645 V4

Jpo(l—po) \/.49<.51> o
n 80

p-p,__ 55-49

17



don’t reject H, — p-value > .05
Data not significant at o =.05

The gambler does not have significant
evidence that his strategy will win more than
49% of the time.

p-value =1 —.8577 = .1423
\A

0 1.07
Z

If the gambler had won 55 out of 100
games, the p-value would have been

Y n Z |p-value
44 | 80 | 1.07 |.1423
55 [ 100 |1.20 |.1151
275 | 500 | 2.68 |.0037
550 1000 3.80 | ~—

smaller
7 :ﬂ =1.20
A49(.51)
p-value = .1151
0120
Z
Section 4.7

A quick look at a hypothesis test for o°
E (sz) = o’ (unbiased)

What kind of r.v. is s2? Not normal!

before:

7 = Y /’l _ P—B,

/ /\/- p,(1-py)

NOW: 1£y is normal, then

(n-1)s’
Zﬁ—l = 2
o

Chi-Square Distribution Zlf k=d.o.f.

55)
fy) =< 2°T(%)
0 otherwise

18



Chi-Square table

10% 95%
10 4.865 18.307
10 2
85 Ao s
7.865 18.307

2
A
40.289
2
.05
85 Z9 .10
3.325 14.684

‘Hypothesis test for o’

L2 2
H,:0" =0,

H,:0’ <o}

Three 5 5
options for {Ha 10" >0y
H L2 2

a H,:0" # 0,

L n-1)s>
Test statistic: 7~ =%

0

H,:0’ <o} a\{ j R: " < Hana
left-sided

le—a.n—l

.2 2 Ry’ >p.
H,:0" >0, i*: g E T Hana

right-sided N

2 R:

H,:0% 20y | % R

Manufacturing sticks of dynamite — waiting time
(seconds) for detonation is designed to be very close
to 25, and obviously the variance should be very
small.

c? =025 sec}

The manufacturer wants
o =0.50sec

and is afraid that it might be too big.

two-sided i
H,:0%=0.25 n=20
H, 0" >0.25 L
a:0 >V s =0.2916
a=.01 s =.5400
2
Y 4T , (n=1s’
01 X T
36.191
R:x° >36.191

19



H,:0” =0.25 n=20

H :o?>025 ==
a:0 >0 $?=0.2916
a=.01 s = .5400
R: x> >36.191
e (n—i)sz _(19)02916) .,
o, 0.25

don’t reject H, — p-value > .01

2 90
X9

p-value

.10

11.651 | 27.204
22.16

.10 <p-value < .90

20



MA 3710
CH 5

Stonehenge
England

The mean of a process can change over tilne
H(E) |

ideal mean 7/, |-

Y=ult)+e & ~N(0,0)
‘ ithtobservatioﬁI ‘ erlr
(mean atime}

Two-tailed test fog:

Ho 1=t
Hotu#

a % %

A dairy fills plastic milk jugs
Y = gallons of milk placed in a plastic jug
Y ~ N(u=1.02,0=.01)

P(Y<1

1 1.02

Y The dairy accepts

that about one in 44

jugs on average wi
be underfilled.

1
P(Y <1)=.0228<=—
(Y<D1) i

An engineer monitors a process with a
control chart He/she wants to know if/when
any change occurs.

Idea Periodically sample the process andl
conduct hypothesis tests with the data.

5 %
l-a 7
_ZO(IZ 0 Za/Z
Z

: R
We won't reject H iff ~Zaz < 7 :
n

< Za/2

algebra I

g g
Ho _Zalzﬁ <Y< ﬂo"’za/zﬁ

A 4




<?< /’10+Za/2%

%

o
lower control limit = LCL =t _Zalzﬁ

g
Mo~ Zalzﬁ

upper control limit = UCL %, +Za/2%

Tradition:Z,,, =3 a =.0027

g g
= Hy—3—F— UCL =44 +3—+=
LCL =t N Ho N

a = .05 would be too high (too many false alarms)

Remembereven a process that is in
control will false alarm about once in
everyl__ 1 _,-, samples

a .0027

UCL = +Za/2%:1-02+ {%‘j = 1.03!

LCL = 4, —zm% =1.02- :{%ﬂ = 1.00!
1.035
1.02

1.005

Take random samples at fixed time intervals antl o

Each sample is a hypothesis test.

~——alarm

out of control @

UCL
in control

I NAAN

N
in control

LCL
out of control

A dairy fills plastic milk jugs. They decide t
take a sample of size n = 4 once a day ar
computey

known
M(t)=1.02att=0
o=.01
population is normal
Y ~ N(u(t),o =.01)

Y~ N(u(t),%ﬁﬂ%z)

unknown
M(t) whent>0

|®)

Chart A: Process in control for all 20 dg
u(t) =1.02if 1<t<20

Chart A - Milk Example
Section 5.1: X-Bar chart (mu = 1.02 for all 20 days)

1.0400
1.0350
1.0300 -
@ 1.0250 -
2 1.0200
S 1.0150 - ,//
1.0100 -

1.0050
1.0000

123 456 7 8 91011121314151617 181920

d

yS

Day




Chart B: Process out of control after Dgy 5

u(t) =1.02if 1<t<5 u(t) =1.01if 6<t< 20

Chart B - Milk Example
Section 5.1: X-Bar chart
(mu=1.02 days 1-5, mu=1.01 days 6-20)

1.0400
1.0350
1.0300 A
1.0250 -

1.0200 -
101501
1.0100

U ®

gallons

1.0050
1.0000 -
0.9950

1 23 456 7 8 9 1011121314151617 18 19 20
Day

Control limits(UCL, LCL) are the “voice
of the process”, usually come from
sample data, and are used to asses
whether or not the process is stable.

Specification limitUSL, LSL) are the
“voice of the customer” and define an
acceptable range for the product.

192}

A |
g
1 1.02 1.05 -2 0 3
LY 1z ]
P(1<Y<1.05) =
. (1_1'02<z . L1o5 1.03
01

=P(-2<Z<3)= .9987 - .0228

In real life, we usually don’t know(t)
(even att=0) oo

Phase | chart
estimate parameters and compute
control limits with the estimates

Phase Il chart
monitor process

must assumeprocess is in control during Phase

A dairy fills plastic milk jugs. Suppose regulat®
require jugs to contain between 1 and 1.05 gallons.

If process is in control, find P(1 <Y < 1.05)
Y ~N(u=1.020= .01

1 1.02 1.05
Y

Note it is possible for an in-control processi
to produce regular observations outside 0
specification limits and vice-versa.

In Control Out of Control
‘ Ho ‘ 1M
LSL USL LSL usL




Capability index: Y~
60

LS.

., USL-
It's good if Tﬂ* USL-LSL > 60

.-'/ﬁ\\
f,/'Empirice;I\‘
, / rule \‘

———99.7% T

Common sense
If o®is changing over time, the
X chart is meaningless

o? should be monitored with its own cha

Realistic situation
M and g2 are unknown and are
estimated during the Phase | “base
period”

Don't reject H if: test stat

Xr?—l,l—% < Xz < )(nz—l,ﬂ/2

-1)s°
2 - (n 2
X n-11-2/ 0.5 X n-127,
2

lalgebra
()( nz_ 19/, ) Oy

<Sz<—

n-1

(X r?—l,l—% ) UOZ
n-1

@ﬁ_ﬁaﬁdr%ehaﬂskip
X ands?chart

An X chart monitors
between-subgroup
variability and assumes

UCL-

that o (the within-
LCLA groupvariance) is
constant.
subgroup
means

Two-sided test fop?
H,:0% =0}

. 2 2
H,:0° %0,

a 0/2 ::—__t\

o must be estimated witk?
the average sample variance during tt
Phase | “base period”

€




using traditionak =.0027 - @/ = .0013

¢ chart control limits:
()( r?—l,.00135) 5
n-1

(/Y r?—l,.99865) ?
n-1

UCL = LCL =

X chart control limits:

_ = — 2
UCL=Y+3/S— LCL:Y—3\/g
n n

Charts C & D

Manufacturing bolts, measuring shear
strength (kip). A sample of n = 6 is taken
every hour. 40 samples — first 20 are the

Phase | base period.

—4999 §*=2.291

=<l

Chart C: in control until hour 39

Chart C - Bolt Example
Section 5.4: X-Bar Chart

7.000

oo P A Acon ) AV\WM

< 4.000 \/ v N W /\J
3.000 W)

2.000

L L B L L B B B B o B R A A B B o S S S
1 3 5 7 911131517 19 21 23 25 27 29 31 33 35 37 39
Hour

\z{ = average mean during Phase | base p€¢

assumptions
*process variance is constant

( s* chart shouldlways be in control)
*subgroup means are in control durin
Phase | base period
*subgroup means are normal or apprg

normal
(normal population or large samples

X chart control limits:

_ ool _ Lol L
Yi?w/%=4.999t %]E 3.145 and 6.8

¢ chart control limits:

(X2 00098 19.821(2.291)
= =19.08
n-1 5
2 &
(/Yn 1,.99865) _ 0.238(2.291)= 0.109
n-1 5

Chart D: in control

Chart D - Bolt Example
Section 5.4: S-Squared Chart

10.000 -

8.000 -
6.000

kip

4.000
2.000 A

0.000 YT T T T T T T T T T T T T T T T T T T T T
1 3 5 7 911131517 19 21 23 2527 29 31 33 35 37 39

riod

Hour




X chart

Some processes do not produce dat
frequently enough to have regular

samples of n > 1, so we need to use

individual observations.

Y ~ N(u,0)
Normal data:

e

j ¥

_ _ i | Y, MR
_ 1 m-1 2 2 0
MR=—_1 MR 3 2 [ 3
M=Li= 45 |2
5 3 7
W?:%(5+0+ 3+ 2+ 7):1—57:
Chart E

In an underdeveloped country, a polluted river
near an industrial plant is tested monthly for
mercury contamination (Hg ppm). A second plapht
will be built in two years and scientists are
concerned this may pollute the river even furthey.

Base Perion24 months before new plant beging
operation

Chart runs for 48 months total.

control limits

before: 4, iS% now?:#5+3— No.
n

Realistically,u ando are unknown. For
this chart, we will investigate process
variability with the_moving range MR.

ObservationsY,, Y,, Y, Y, ...
Base periodfirst m observations

control limits MR
Ho £33

d,
/N

estimated witl’??

1.128 (n=2)

lUCL =Y +2.66MR| |LCL =Y - 2.66VIR]

Assumptions
Data is normally distributed

Process is in control during base perig

pd

m=24
base periody =10.382
MR=0.87C

UCL =Y +2.66MIR= 10.382 2.66(0.83
12.695

LCL=Y-2.66MR= 10.382 2.66(0.83




Chart E: process seems out of control
four observations beyond upper limit at months3#,38, 43. The
second plant has most likely increased the meapgrgin the river.

Chart E - Polluted River Example
Section 5.5: X Chart

14.000

13.000 %\ )
g 12.000 - /‘/\/\/\/\N\/‘
Q
2 11.000
° f\vm AV\‘/\/J\ . !

10.000 W |Vad

9.000 1

8000 T

1 5 9 13 17 21 25 29 33 37 41 45

Month

Ho: P= P, - NP=NP,
Ha: P# P — NPZ NP,
Nice if ng, > 10 and ng= 10 so the LCL
will be positive.

Limits: np, +3,/np,q,

P, estimated withB = average proportion
defectives during base period

= length of
base period

_ 1 &
p=—>Y =

mn4;

©
®

1500()[ A= E:

474 defectlves in Jan.
15000 pencns per day

Limits: np+3/npq
=15000(.00102% § 15000(.00102)(.998!
=15.3+ 11.729

=|3.571 and 27.03¢

np chart

For monitoring the number of defective
in samples of size n (constant).

Y, = # of defectives imth sample

assumeY is binomial, P(defective) = p,
n trials

E(Y)=np SD(Y,) =+/npq
Var(Y) = npq

UCL = nE+3JnBE1 LCL = nE—&/nBa

Chart F
Making batches of n=15,000 pencils p¢
day: defectives are counted every day

174

total chart length = 365 days
base period = m = 31 (January (assum
in control))

one observation above upper limit on May 9 (propaiot a
concern since we expect an in-control processlse farm

Chart F: process seems in control

about once in every370 samples)

Chart F - Pencil Example
Section 5.6: np chart

1 91 181 271 361

S



C chart

For monitoring the number of
occurrences of an event per time perigd

Y, = # of occurrences irth period

assumeY is Poisson) = mean rate of
occurrences

E(Y) =4 SD(Y) =4

Var(Y,) =1

UCL =c+3Vc

LCL =c-3/c

Chart G

Software developers are keeping track|of

how many calls per week the service
department receives

total chart length = 100 weeks
base period = m = 20 (assume in
control)

Chart G: process seems to be out of control (chart

seems to have an increasing trend)
six observations above upper limit during weeks3%,84, 86, 94, 97

Chart G - Software Example
Section 5.7: C chart

@ oD
% 20 m‘m\ﬁ/\ 1A N‘[\’\/\A NMW
R VVVV \

1 8 15 22 29 36 43 50 57 64 71 78 85 92 99
week

Hy:A=4,
H,: A% A,
Nice if A, = 10 so the LCL will be positive.

Limits: A, 3,4,

A, estimated withc = average count ove

=

base period
m = length of Ezizq
base period mi=
- 1 1
c=— C =—
m; ' 20
Limits:

c+3Jc =195 3/19.5[ 6.252 afd 32.7

N = # of samples until control chart signals

1
P(alarm)

average run length = ARL = E(N)

N is a geometric random variable:

Y = # of trials needed to observed first succ|
p

eSS




An in-control process using the
traditional Z,,, =3 ang=.0027 has

if pactually equals 116.(+ o), on
average how long will we wait for the
chart to signal?

P(signal) = 1 — P(no signal)
=1-P(84<Y < 116,

84 116

=1—p[84—115<Y—u< 116- ni Y
Y5 Tn P
=1-P(-6<Z<0)

=1-[.5000- €& 0} I
=1.5000

o known to be 16 supposed to be
Mo = 100

If n =4, limits are

,uOiS%:lOOi 3\1/—g= 10& 24[ 76 afd 4]
n

If n =9, limits are
16

,uOiS%:lOOi 3= 100 16:[ g4 afd 1}
n

P(signal) = 1 - P(no signal) / \
=1-P(76<Y < 124, AT

76 116124
- P[76—116<Y—y< 124 11i Y
Ya Tr Ta
=1-P(-5<z<1])
=1-[.8413- ¢ 0}

=|.158

Mo = 100 ando =16

ifn=4 ifn=09
actual | P(signal) ARL actual | P(signal) ARL
value value
of u of u

100 | -0027 |370.37 | 100 | .0027 |370.37

116 | .1587| 6.30| | 116 | .5000| 2

132 | .8413 | 1.19| | 132| =1 | =1




ARL is smaller if:
*actual value ofu is further away frony,,
*n is larger

Runs Rules

Zone 1

UCL

Zone 2

Zone 3

Zone 4

Ho

Zone 5

Zone 6

LCL Zone 7

Zone 8

“Regular” Rule:
A chart signals if an observation land
in Zone 1 or Zone 8

Other Rules exist and may be applied

Trade-off
Good: more likely to detect an out of
control process
Bad: more likely to false alarm

5.10 CUSUM and EWMA charts

L2

10



MA 3710

Horyu-Ji Temple
Nara, Japan

Scatterplot
paired data (X, y)
We would like to predict one variable with

another.
population sample
(%)
0ey) (%2)
X = height
Y = weight (Xn’ yn)

trend: taller people tend to be heavier

Y

150+

1304

association- as X increases, Y tends tp
increase (or decrease)

In MA 3710 we will only be interested i
linearassociations.

If there is a positive or negative
association between X and Y, knowin
an X value can help predict a Y valuel

X = independent variable
(explanatory, predictor, regressor)

Y = dependent variable
(response)

pounds of fertilizee X
pounds of soybeans harvestedf

foot
lengthl

X = shoe length




v \r = correlation coefficieﬁut
last r measures the strength of linear
four ..
digits association between X and Y
of
M # _1S < 1
“strong” associations are close to 1 or -
. “weak” associations are close to zero
X = height
requals 1 or -1 if Y is a linear function of Correlation Matri* STAT 301 data
~ people
. X = height in inches ID# 1
o Y = height in cm
. r=1 Pop —
B — Quizzes .063] 1
Exam 1| -
_ . multiple-choice quiz 146/ .098 1
- X = # correct Exam 2| - 023| .379 | .492 1
- Y = # incorrect
_ e r=-1 ID# PQ Ex1 Ex2
MA 3710 data r=.293
Fall 2008 110
HW total| 1 1007 0% 0 S
(first 6) 90 " :.’ . ..{
Exam1| 293 | 1 7 801 .
5 70
Exam2| 339 | 749 | 1 60 1
HWt | Ex1 | Ex2 >
40 T T T
90 110 130 150 170
HW total




110

r=.339

100 A
90 1

80 1

Exam 2

70 A

60 -

50 1

40

90

110 130 150
HW total

170

110

r=.749

100 1

90 A

80 A

Exam 2

70 +

60 7

50 A

40

40 50 60 70 80 90 100

Exam 1

110

X = height, Y = weight |

Y

150+

1304

i

.50

foot
length|

u

r

95

X = shoe length

last
four
digits

M #

X = height

SS, =Zx2—@ =(n-1)<

SSyy:Zyz_

s -y (ZAE)

)




Computing An engineering student has designed a new

clothes dryer.

EEVAY.VERV; X = temperature setting °F
X=X)Y-Y YAy
r= SSW z( X ) z 2 Y = actual interior temperature during cycle °F
JSS, (n-1)s,s, n-1
X Y
140 | 170
n=5 145 | 174
150 | 172
compute r understand r I
160 | 176
Y X || Y X Y X2 Y2 XY
aCtuaI 140 | 170
145 174 140 | 170
temp 145 174 1960C | 28900 | 23800
— . 155 178 145 | 174 | 21025 | 3027€ | 25230
160 | 176
— o 150 172 | 22500| 29584 | 25800
174~ . 155 | 178 | 24025| 31684 27590
179 . 160 176 | 25600 3097€| 28160
750 | 870 | 11275(| 15142(| 13058(
170 e X
- 750 < 870
140 145 150 155 160 st(StrtTi]r?g X=?=150 Y=—=174
2
X 750° :
SSXX:ZXZ_(Z ) =112750- > ~[ 25 understand:r r:ZZny
n

) (Zy)2 8707 .
S, =>y - _15142(}T_ \+ r>0

<

SS, = ZW-M 13053&M) (84

<0
\/S&(X\/SS J250J_c> =




X = temperature setting °F
Y = actual interior temperature during cycle °F

r=.80

X = actual interior temperature during cycle °F
Y = temperature setting °F

r=.80

X = temperature setting °C
Y = actual interior temperature during cycle |°C

r=.80

The value of r doesn’t change if X & Y

are switched or if the units of
measurement are changed.

Dangers with
watch out for...,

non-linearity outliers
r>0
r=0
[
o o
° °
* O o ® : ®
° o . e
[ ] O . : . N

Dangers with 1
watch out for...,

Variance that isn’t constant

. '... Pl Cone
S o, shapes
-..'..°' are bad

Dangers with
watch out for...,

How fun was
class today?

Qualitative variables

4 = o )
3= [ ° °
2= [ [} °
1= e (] (] o
0= e
I I I I I
F D C B A Course grade

Dangers with 1
watch out for...,

Association is not Causation
association- one variable tends to act
along with the other

causationr+- one variable directly cause
the other to behave in a certain mann

v)




U.S. Census Data

et X = death rate
* Y = divorce rate
e ° lurking
variable = age
[ ) O °
° [ ]
[ FL
uT ° ./
Nations of the world Mystery
X = fat intake per capita  Correlation

Y = death rate from cancer

® < —Denmark

./ —USA

diet?
pollution?
genetics/ethnicity?

age at death?

® «————Thailand

The true regression line is unknown (invisiblef).
a scatterplot appears to be linear with a constgnt
variance, then we can estimate the true regresgion
line with the least-squares regression.line

Y =h, +bx

Unknown parameters  estimators
B, b, = 5,
ﬂl bl = ﬁl

o’ s =MS,

A lurking variableis not directly
measured but is responsible for the
association between two other variablgs.

Elementary School
X = height
Y = score on reading tes

—

lurking variable
= grade

If X and Y have a linear relationship, then
Y:ﬂ0+l?’lx+$‘ £~N(0,0)
intercept slope  error constant
Y
: s Y =S+ Bix
‘\ :\ =3 ,«’/} ‘/ I
T
5 e ! true regression ling
X

The least-squares reqgression livaes
two important properties:

1 !
l 2 J<—error/residualz e=Y —Q

Ze: 0 The sum of the errors is zero

> € =SS, is minimized. (‘least-squares’




Francis Galton (1822-1911)

X = fathers heighk =68 §,=2.7  _
=TT r=.50
Y =sons height y=69 S, =27

69

UJ

If a group of fathers are all 70.7 inche
tall, (1S, abovex ), whatis our
prediction for the mean height among

their sons?

Myth —if an X value is 5, above |,
then the corresponding Y values will ¢
average be §, abowe

X=68S=27 [ = 5o
Y=69 §=27
69
68  70.7
X=68S.=27 [ — g
Y=69 S727
71.7
69
68  70.7
X=68S=27 [ = 5o
Y=69 §=27
71.7
69
63.64 v,




Galton — “observations tend to regres
towards the mean”

Truth—if an X value is 5, above |,
then the corresponding Y values will o
average beS, abowe

4

=)

Truth— we are tempted to believe the
slope of the least-squares line should
rS

y

= but instead it IS

“Regression effett- extreme
observations usually aren’t as extrem
the second time around

oS

U

n¢

Least-Squares Regression L
Y =h, +b X
bl = E = $xy

Always goes through
the point(X,Y)

_SX STSXX
I MA 3710

intuitive formula

0 =Y-nX

71.7

69

63.64

bowling

Game 2

X = Game ]

Galton’s Data X =68'S,=2.7 r = 50

Y=69 § =27
r
b = S, _ .50(2.7):_50
Sy 2.7

b, =Y —b, X =69- (.50)(68)= 3

Y =35+ .50X




If X=70.7, then
Y =35+ .50(70.7F :@Einches
If X =62.6, then
66.3(inches

~

Y =35+ .50(62.6)F

*we predict average values, not specific
observations

X = last 2 digits of M#
Y = exam score x =5 S, =20 0
Y=75 S,=15

NS T

b, =Y —b X =75- (0)(50)= 7t

=
I

Y =75+ 0X = 75

rs

= y:SSxy:8O:()32
S SS, 250
U

0.83.16)_ 4,
7.91

b, =Y —b X =174~ (0.32)(150F 12

by

Y =126+ 0.3X

70.3%
69

66.3-}- -l

An engineering student has designed a new

X = temperature setting °F
Y = actual interior temperature during cycle °F

clothes dryer.

X Y | X=150 from previous work
140 | 170 Y =174 $(x - 250
145|174 | 5 =7.91 S =40
150 | 172 S,=3.16 v
155 | 178 S5, =80
160 | 176

Y =126+ 0.3X
y' N

n : xpect a temp of 126 °F i
the dryer setting IS

I

On average, we expect
a 0.32 degree increase
in'Y for every 1
degree increase in X




v T
actual X Y 126+Y0.32x . _s - ; e
temp
. 140 170 | 170.8 | 0.8 | 0.64
e Y =126+ 0.3%
I | 145 | 174 | 1724 | 1.6 | 2.56
iy 150 172 | 174C | -2.0 | 4.00
174 T 1/ 155 178 | 1756 | 2.4 | 5.76
172 160 176 | 177.2 | -1.2 1.44
1704 & X Y e=0 always 0 14.4C
T T T T T temp . t
140 145 150 185 160 setting Any other line would have a larger totaP € =SS,
Y
actual
On average, we expect the dryer to run at b A
174.64  °Fif we set it at X = 152 °F. 178 I Y =126+ 0.3%
176= l

Y =126+ 0.32(152F 174.€ TI

170 o X
T T 1 T temp
140 145 150 155 160 .
setting
*don’t extrapolaté Only predicty X = year
within your observed range of X values. Y = gold medal time in men’s 100 m dash
Olympic Gold Medal Time in Men's 100m Dash
1900-2008
11.5
Don’t assume the 8 117 0500 .
relationship will § 105 M .
continue to be linear. ® 404 Ce T e,
] ] 9.5 : : : : : —
U observed X range U 1880 1900 1920 1940 1960 1980 2000 2020

Year




\Evaluating a Linear Modbl

There is variation in Y. How much is
due to X (the explanatory variable) ang
how much is due to chance?*( )?

iati T Variation due tq
Tota[ variation — +
inY error

iati o Variation due tg
Total_ variation — +
inY \ // error

\
$ota| = $eg + $es

r2 = coefficient of determinatidn
0<r’<1

r2 = the proportion of variation in Y
that has been explained by X

Ssreg The bigger#is,

r’=
SSI the better.
otal

,_ SS _25.6_
$otal 40

r?=(.80)" = .64

r .64

“64% of the variation in dryer temp
(Y) is explained by temp setting (X).”

[SSou = 2 (¥-Y) =[55,]
ERDI s
[SSe]=3(v-) =2 ¢ =[S 5]

Dryer example:

from previous work

SS, =250
SS, =40 S,y =SS, =
sS, =80 :
80°
r =.80 569:%:%:

$r&s = $0ta] - $reg = 40_ 256: ‘

True regression lineY = 5, + B X+ &
E~ N (0,0'9— Determines width of bell curve

X

Estimates® withs? = MS,_ :%
n p—

11



Dryer example:

from previous work

SS.. =14.4

s? :M$$ :_$r$ :&l’: 4.8

\Testing the slode

Hypothesis test foi3;

Hy:5,=0
(X and Y are independent: X is a
useless predictor of Y)

H,:8 %0

(X'and Y are dependent)

\Testing the slode

On a t-curve with n — 2 d.o.f.

Dryer example: Ho : 181 =0

from previous work

n=5 H a- 181 20
SS, =250 a =.05
b =0.32
MS.. =4.8 i S
—3182 ) 3.182
T3

R: T<-3.1820rT>3.182

R: T<-3.1820rT>3.182

__ b _o032
MS. [48

ss, V250

*don't reject H,

=2.31

*data not significant atr =.05

Computer Output

12



ANOVA = Analysis Of Variance
Simple Linear Regression

Source| d.o.f.| SS MS F

MS =Ss e -MSq

SSeg 1 MS.

Regression 1

Error SSes us. =2

Total | n—1| SS.

*Since we assume ~ N(0,0)

A histogram of the errors should be
bell-shaped.

VAN

_—//

j—

Only 40% of the variation in Exam 2 is explaine
by Exam 1. Other variables exist —wouldn't it b
nice to include them in the model?

D

multiple regression

Y=Lt Bt .t [X tE
Y =h, +bx +...+Bx,

*Residual/Error Plots can reveal
problems with your data you hadn’t se
before.

errors
All plots should

<+«——— look like random

clouds of points.

X
predicted values
time

three plots

A quick look at multiple regressid)n

A university professor always gives Exam 2 or
March 18. He is interested in predicting the sso
Randomly selects n = 25 students.

*Simple Linear Regression
Y = Exam 2
X =Exam 1

r2=.399= 4C
Y =7.07+ 0.8%

X, = Exam 1 [0.100
X, = hours studied [0,)
X3 = hours of sleep[0,)
X,= GPA [0.4
Xs=ACT [0.3¢
X¢ = attendance [0.29
X =beers drank [0,«)

13



“Find the simplest model that works thle Final Model:
best.” —Prof. Tom Drummer

~

Y =-43.141+ 0.50% + 2.22+ 2.3Q

N Lo i 1
Warning r? will increase if variables Exam1 sleep  ACT

are added, regardless of what those
variables are.

174

If (# of variables) =n—1, thed ¢ 1




MA 3710
CH 7

Assembly Hall
Salt Lake City,

22 Factorial Experiment Design

Remote control car competition: Jim & Rachel
design an experiment and want their car to run the
course in the shortest time.

response variable Y = time to complete course (w0

Factor A: Octane Factor B: Operator
Levels: ?0 OFT95 Levels: Jim or Rache

Utah
treatment combinations
X, X, description average
90 or 95 | Jim or Rache amongn =3
runs
-1 -1 90/Jim | (1)=40
1 -1 95/Jim | a=38
-1 1 90/Rachel b =45
1 1 95/F§ache| ab =43
run in raLdom order
90 95
X,=1 | b=45|ab=43
Factor| Rachel
B |lx,=-1/(1)=40 a=38
Jim
425 405 |41.5

“low”  “high” “low” “hiI:]h”
X = -1 X, =1 X, = -1 %, =1
A=low A= high
b=45 ab.: 43
B = high
B = low
[ ) [}
(1) = 40 a=38
atab (1)+b
effect of A =T‘%
(from-1to1) 38+43 40+ 45
_b+ab (0)+a
effectof B == 5
(from-1t01) 45+ 43 40+ 38
(Jim to Rachel) = 5 5 =44- 39:'3




Interaction Plot

46 = b
time 7] \%b
(seconds),, —
@)
40
‘\.a

38 7

|
[uN
= -

Interaction when factors interact with each othe
in unexpected ways

~

Any interaction plot that isn’t “parallel”
may indicate significant interaction.

another example

@

De——eab

Xi==-1] X;=
X,=1 b=0 ab=15
X,==1 | (1)=10| a = 3<«f—whynot25?
15 ab
10 @
5
b a
0 f
-1 1
Model
i ~N(O,
“intercept” coefficients  * érr‘{)ﬂ

|

Y =B+ BXyt BX,t BiX X .t E

|

ith
Iobservation

:30 — overall mean

“ __ estimated effect for Factor A —-(1)+a-b+ab

,81 - 2 4

2 = estimated effect for Factor B— _(1) -at b + ab
2 2 4

~ _(D-a-b+ab
12 4

Remote Control Carsmew experiment

response variable Y = time to complete course (s#s0
Jim & Rachel discard the octane factg
and design a new experiment — this tin

the model will include interaction.

Factor B:
Operator
Levels: Jim or Rachel

Factor A:

Controller Design
Levels: old or new

t 1 t 1
“low”  “high” “low” “high”

x=-1 x=1 X, =-1 X, =1




treatment combinations

X, X, X X5 description| average
old or new| Jim or
Rachel
-1 -1 1 oldJim | (1)=39
1 -1 -1 new/Jim | a=43
-1 1 —1 | old/Rache| b=44
1 1 1 new/Rache| gp =42
A

run in random order

old new
X,=1| b=44|ab=42
Factor Rachel
B |x,=-1|(1)=39 a=43
Jim

415 (425

Interaction Plot

The new controller
design seems to he

[(1)=39] a=43] b=44 | ab=42]

:80 — overall mean =42

. —()+a-b+ab -39+ 43~ 44+ 42
5= = =[0.9

! 4 4

~ _—(1)-a+b+ab -39- 43+ 44+ 42

B, = = =[]
4 4

~ 1)—a-b+ab 39-43- 44+ 42

BT

Rachel but not Jim
46 =
time 44 7] b a
(seconds),, - ab
40 T
@
38 7
1 1
-1 1
Y =By +Bx + BX+ B XX,
Y =42+ 0.5¢ + X, - 1.5,
check
Xy | X, Y =42+ 0.5 + X, - 15X,
—1| —-1| Y=42+05c1+ €1 1.5¢ 1¢ 1F 3
1|1 Y =42+ 0.5 € 1 1.5 1F 4
-1 1 Y =42+ 0.5¢ )+ (1 1.5¢ H)(IF 4
1] 1 Y =42+ 051 (1 1501 4




MA 3710: World of Formula

Md Mutasim Billah

Descriptive Statistics:

— X
X:Z_
n
A_X
P=7
2
— X
O En?
5§ =
n—1 n—1
s =+/52
Locator numbers:
Qiifnodd | Qifn even Q2 Qs ifnodd | Qs if n even
n+3 n+2 n+1 3n+1 3n+ 2
4 4 2 4 4
IQR = Q3 - Q4
Fences:

LIF = Qs — 1.5(IQR)
UIF = Qs + 1.5(IQR)

LOF = Q1 - 3(IQR)
UOF = Q3 + 3(IQR)




Probability:

P(A) =1-P(A)
P(AUB) =P(A)+P(B)—P(ANnB)

A and B are mutually exclusive iff P(ANB) =0

P(AIR) P(ANnB)

(4] )—W
Two events A and B are independent iff
P(A|B) = P(A) iff
P(B|A) = P(B) iff
P(AnB)=P(A)-P(B)

P(A) - P(B|A)

P(A|B) = P(A) - P(B|A) + P(A) - P(BI|A)

n!

nbr = (n—r)!

!
nlr = (:) o (nn— r)!

Probability distribution:

discrete continuous

co

= EX) Y xp0) [ x @ ax

-—00

D=0 @ | [ - dx
% = Var(X) 2

E(XZ)_.HZ E(xZ)_‘uZ

o = SD(X) Jo? Jo?

0

M(t) = E(e*) Z e - p(x) f et - f(x) dx

—00




Famous Discrete Random Variables:

name pmf mean variance mgf
Binomial (Mp*a—pm* if x=012,..n . .
X~BIN(n, p) p(x) = {\x np np(1 —p) [pef + (1 —p)]
P 0 otherwise
Geometric p(x) = {p(l —p)*lif x=12,.. 1 1-p pet
X~GEO(p) 0 otherwise P p? 1-(1-pet
Negative - r
Bnomial | vt - {(f_ Jpra-p it x=rretrez. | L ra-p Ip—et]
X~NEGBIN(p,r) 0 otherwise P p* 1= =p)e’
. A e—k )
0 otherwise
ry(N-1
) (x)(NL") if x=012,.nand n<r
Hypergeometric ) = () nr \nr(N-nr)(N-n) Does not exist in
X~HYPGEO(N,n,v) | P~ orx=012..rand n>r N NZ(N-1) closed form.
0 otherwise
Famous Continuous Random Variables:
name pdf mean variance mgf
. 1
Uniform Flx) = {ﬁ if 6,<x<0, 6, + 6, (6, — 8,)% etfz — ot
X~UNIF 2~ b — —_ —
u (6,,62) 0 otherwise 2 12 QY
1 _Ce=p)? 2,2
Xltl’?\:'(r:acl) fx) = {ame 2 if —w<x<o U a? e('th Z )
Exponential B
X~EXP(X) _fAe™ if 0<x<o 1 1)? 1 !
| O e () (-G
X~GAMMA((2=1,,B=X) otherwise A A A
1o F
Gamma e b 2 -
X~GAMMA(a, B) f&) =\ Type FO<x<e ap ap A=
0 otherwise
. X
Chi-Square x(/271) 72 0cxcom
—_— ] v
X ~x2(v1} fG) =4 (Z) 207/2) v Zv a-20z
X~GAMMA (a ==, = 2) 2
z 0 otherwise
Beta f) = % X 11 —x)F1 if 0<x<1 a ap Does not exist in
X~BETA(a,pB) 0 otherwise a+f (a+p)2(a+p+1) closed form.




The Normal Distribution:

Confidence Interval:

unknown ' . . ]
parameter confidence interval | requirements sample size
o known
Y g normal Za o ?
—r— 2
H Xt ZE opulati =
7 A/n population
\/_ or B
n =30
normal
E +t « i population
K - n-13./n or
n =30
Za
P n230 I n=p(1-p)(Z

Hvpothesis Testing:

unknown . ]
parameter test statistic requirements
— o known
7o H .
u = 0'/ normal ;;c:pulahon
\/ﬁ n =30
X — H normal population
u =3 or
/\/ﬁ n =30
P —DPo
B > 30
p [po( = 1) n
n




Hvpothesis Testing (continue..):

unknown
quantity

test statistic

requirements

_Yd_l"d

. X1+ X
_n1 +n2

T = population of
Sd/ differences
In is normal
Ha d or
large sample
dOf == nd - 1
T — (X1 _Xz) — (Uy — p2)
- 1 independent
—_ samples
Sp n + P
normal populations
(nl = 1)31 + (nz = 1)52 arge samples
S, =
p nq + Ny, — 2 0.12 — 0.22
d.of.=n; +n, -2
7 = (D1 — P2) — (p1 — p2)
- — — independent
VP =D) |[—+— samples
P1 — P2

large samples




Control Chart:

Chart
X
2 <2 2 <2
g2 (xn—1,0.99865) 5 (xn—1,0.001355) S
n—1 n—1
X X —2.66- MR X +2.66-MR
np np — 3ynp(1 —p) np + 3ynp(1 —p)
c ¢ -3¢ c+ 3¢
chart | assumptions | Phase 2 alarm? Phase 1 alarm?
¥ | "Process variance Evidence that
is constant process is out of
*in control during control.
Phase 1 Evidence that
52 *sample means assumption(s) are
are normally violated — chart is
distributed invalid. Start over.
*in control during Evidence that
Phase 1 assumption(s) are
distributed invalid. Start over.
. , Evidence that
in control during . .
Phase 1 process is out o
np L . control.
*data is Binomial
*in control during
C Phase 1
*data is Poisson




Regression Analysis:

SSxx = Z x? — &)

n

_ SSxy
VSSxx,/SSyy

SSyy = Z;v2 - (212/)

'Sy SSxy
ﬁl —_ —_
Sy SSxx

SSxy = z 9 x)(Z y)

SStotal = Syy

SSR= p,(Sxy)

SSE = SStotal — SSR




One-way ANOVA:

SSA Y n (X -X)

WA= 1=~ k-1
SSE kK (n; —1)s?
MSE_n—k_ n—k
SSA
MSE (SSE)
n—k

numeratord.of. =k — 1
denominatord.of. =n—k

requirements:

The k samples are independent of each other.
The populations are normally distributed.

All the population variances are the same:

0f = 0f =+ =0df = 0*
Source d.o.f. SS MS F
SSA MSA
Treatment k—1 SSA MSA =— F=1r5E
Error n—k SSE MSE = nSfEk
Total n—1 SS Total

Fisher's LSD = t,,_ja, - VMSE - |—+—

n; TLj




Chi-square Test:

2 _ Z (observed—expected)® Z (0-E)?
X expected - E
One variable test
. k-1
degrees of freedom:
Two variable test
degrees of freedom: (r-1D(e-1)
Expected table for two variable test:
Outside boxes = same as observed table
. (row total) (column total)
inside boxes =
(overall total)
Two-way ANOVA:
Source d.o.f. SS MS F
SSA MSA
A (treat t -1 SSA = -
(treatment) a MSA . VSE
SSB MSB
B (block -1 SSB = — =
(block) b MSB b—-1 F MSE
Error abn—a—-b+1 SSE MSE = %
Total abn -1 SS Total

Fisher's LSD = tapn—q-p+1,4/,  VMSE - |—+—
a B

ng = ng = nb if comparing row (treatment) means
ng = ng = na if comparing column (block) means

requirements:
The treatment combination samples are independent of each other.

The data is normally distributed.

All the treatment combination variances are the same.

There is no interaction between the two factors.




Engineering Statistics

Chapter 05: control charts

Video 12.01
introduction to control charts

Department of Mathematical Sciences
Philip Kendall, Senior Lecturer

g Michigan Tech



Control charts

Engineers are frequently required to monitor a process, especially in
the context of manufacturing.

Regardless of how much care and expertise is devoted to designing
and maintaining a process, eventually a certain amount of unwanted
variability is inevitable because machines and their parts wear down,

workers make mistakes, materials and other inputs to the process

are imperfect and change over time, and so on.

A control chart enables an engineer to monitor a process. When the
amount of variability becomes unacceptable, the engineer can
interrupt the process and take appropriate action.

g Michigan Tech



Dairy Example

Plastic milk jugs are labelled as containing 1 gallon of milk. Of course,
not every milk jug contains exactly 1.0000000000 gallons.

Milk jugs should not be underfilled because that would lead to
customer dissatisfaction and potential legal issues. Milk jugs should
not be overfilled because that would reduce profitability and
possibly threaten the capacity of the milk jugs themselves.

Engineers have designed a process such that the milk jugs are filled
with an amount of milk that is a normally distributed random variable:
X~N(u =1.02,0 =.01)

g Michigan Tech



X = amount of milk dispensed into a milk jug
X~N(u = 1.02 gallons, g = .01)

P(X < 1.&

1.00 1_'02

~1.00—1.02 _
01

Z —2

g Michigan Tech



—
/ = A
U,/
1.00 1.02 -2 0
L |
1.00 —1.02 1
P(X <1.00) = P(Z < —— = P(Z <—2) = 0228 ~

It is accepted that in the long run about 1 in 44 milk jugs will be underfilled.

g Michigan Tech



The mean of a process can change over time.

pu(t)
ideal mean =
Xi = pu(t) +¢€

/

J ith observation

1

J mean at time ¢

L
EiNN(O, O')

T

assumption: errors
are normal with
constant variability

|an Tech




u(t) In practice, the X;‘s are the only
quantity that is actually observed.

ideal mean = g

t

@

The value of u(t) will not be known for all t. Infact, u(t) is
typically never known with complete certainty and can only be
estimated periodically, usually at fixed time intervals.

g Michigan Tech



|dea: Take random samples from the process at fixed time intervals
and plot X (or whatever statistic is appropriate).

@4/| alarm! ‘

UCL
center line -
LCL
In practice, the UCL and LCL need to
UCL = upper control limit estimated with sample data collected
LCL = lower control limit during a Phase 1 “base period”.

g Michigan Tech



@4/| alarm! ‘

UCL

center line -

LCL

The center line can be a theoretical mean determined by engineers, but
often the center line also needs to be estimated with sample data
collected during the Phase 1 “base period”.

g Michigan Tech



‘ out of control ‘ @‘/I alarm! ‘

UCL I&

center line - in control

LCL l

‘ out of control ‘

Think of each data point on the control chart as a hypothesis test,
where the null hypothesis claims the process is in control. An
observation outside the control limits (an “alarm”) is a rejection of the
null hypothesis and a conclusion that the process is now out of control.

E Michigan Tech



Back to the Dairy Example

Engineers have designed a process such that the milk jugs are filled
with an amount of milk that is a normally distributed random variable:
X~N(u=1.02,0 =.01)

They have decided to randomly
select n = 4 milk jugs per day
and plot X on a control chart.

g Michigan Tech



They have decided to randomly select n = 4 milk jugs per day and
plot X on a control chart.

This is a theoretical and unrealistic example because the engineers
nave many knowns and few unknowns:

Known:
u(t) =1.02att =0
_ unknown:
oc=.01
data is normally distributed u(t) whent > 0

X~N(u(t),c =.01)

o 01
o

g Michigan Tech



UCL

center line -,

LCL

center line = ug = 1.02 gallons

Historically, engineers choose to place the upper and lower control
limits 3 standard deviations above and below the center line.

{ LCL, UCL } = center line +

3-SD(observed statistic)

g Michigan Tech



UCL

102 e

LCL

{ LCL, UCL } = center line + 3-SD(observed statistic)

For this control chart, the observed statistic is X and has a

standard deviation of -Z = 2

vn o V4

g Michigan Tech



UCL

{0 0 P
LCL
{ LCL, UCL } = center line + 3-SD(statistic that is observed)
1.02 + 3 (%) — 1.02 4+ 0.015 =|{1.005,1.035}

1

‘This is not a confidence interval! This is a set of two numbers. ‘

E Michigan Tech



UCL=1.035

102 .

LCL=1.005

Plan: randomly select n = 4 milk jugs per day and plot X.
Each point on the control chart is a hypothesis test:
Hy: process mean is still 1.02 gallons
H.: process mean is no longer 1.02 gallons (the process is now “out of control”)

Reject H, iff an X is above UCL or below LCL.

g Michigan Tech



Time out:
{ LCL, UCL } = center line

D(statistic that is observed)

‘ Why three standard deviations? ‘

/\

9973

As long as the process remains in
control, then 99.73% of observations
will fall within 3 standard deviations of
the process mean and not trigger an

. alarm.

U— 30

,u-ll-30

g Michigan Tech



Time out:
{ LCL, UCL } = center line

D(statistic that is observed)

‘ Why three standard deviations? ‘

/\

If the process remains in control, then
by chance 0.27% of observations will fall
outside control limits. This would be a
“false alarm” or a Type 1 error.

9973

>

U— 30

,u-ll-30

g Michigan Tech



a
> — 00135 .00135
\ . 9973 R /
L R
YA
0027 ~ —
| ~ 370

It is important to remember that a process that is perfectly in control
will inevitably false alarm, and it will occur about once in every 370
samples.

g Michigan Tech



a
> — 00135 .00135
\ . 9973 R /
3 0 3
7

Why didn’t we choose an a of .05?
Because it would result in too many false alarms. Since we will be
conducting many hypothesis tests instead of just one, we need to
keep a low to avoid making a lot of Type 1 errors.

g Michigan Tech



gallons

10400

10350

10300

10250

10200

10150

10100

10050

10000

09550

0.9500

Chart A: Process in control for all 20 days

u(t) =1.02for0 <t <20

Chart A Milk Example

X-Bar chart (mu = 1.02 for all 20 days)

I AViiLlllyjQll 1GuiL



Chart B: Process out of control after Day 5
ut) =1.02for1 <t <5,thenu(t) =1.01for6 <t <20

Chart B - Milk Example
X-Bar chart {(mu=1.02 for days 1-5, then mu=1.01 for days 6-20)

10400

Process was out of control ‘

E ? Type 2 errors.
did not identify

alarms correctly identified
an out of control process |=

Process was in control ‘ ‘

10200

1.0100

gallons

1.0000

0.9900

an out of control
process

0.9300




Realistic situation:
We usually don’t know p(t) (evenatt = 0) oro.

Phase 1 (m samples)
Estimate any relevant parameters and compute the
control limits with the estimates.
(We must assume the process is in control during Phase 1
or the estimates will not be reliable.)

Phase 2
Continue to monitor the process.

g Michigan Tech




Engineering Statistics

Chapter 5: control charts

Video 12.02
X and s? charts

Department of Mathematical Sciences
Philip Kendall, Senior Lecturer
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u(t)

ideal mean = S I o

t
X; = u(t) + ¢ er~¥ (0,0)

T assumption: errors
ith observation ‘ mean attimet ‘ m are normal with

constant variability

4 Michigan Tech



An X chart monitors between-subgroup variability and
assumes that o2 (the within-group variability) is constant.

So if 62 changes over time, the X chart is useless and
unreliable. Therefore g% needs to be monitored with its
own chart and any alarms on the s chart will indicate a

violation of our assumption of constant variance.

Realistic situation:
u and o2 are unknown and will be estimated
during a Phase 1 base period.

g Michigan Tech



Useful fact:
If you are sampling from a normally distributed population, then

(n—1)s? 2
2
5 (n—1)s ) .
o P (X1—%‘,n—1 STz S X%,n—l) =l-a

2 2

Y o

2 ( %’”_1) ) _
s4 < =1—a«a

n—1

g Michigan Tech



Previous video:
Historically, engineers like to use &« = .0027

p ((X.299865,n—1 )U 2

< SZ < (X.200135,n—1 )0-2

) =.9973

n—1 n—1

2 2
X.99865n—1 X.00135n—1

g Michigan Tech



(%%9865,0-1 )0° g2 < (%%0135,0-1 )9
n—1 n—1

T T

P = .9973

o2 is unknown and will be estimated with the average sample
variance during the Phase 1 base period.

s? chart control limits:

{LCL, UCL}= {(X-299865rn—1)5_2, (X.200135,n—1)5_2}

n—1 n—1

g Michigan Tech



Previous video:

9) — 9)
— < u< X+3 = 9973
N ﬁ)

o . 0]
Plu—3—=kKX<|t+3—)=.9973

P(Y—3

Vn Vn

T T

u is unknown and will be estimated with the average among
the sample means during the Phase 1 base period. o is
unknown and will be estimated with the square root of the
average among the sample variances.

g Michigan Tech



o L O
— kX<u+3 =.9973

VN Vn

T T

Pllu—3

t is unknown and will be estimated with the average among the sample
means during the Phase 1 base period. o is unknown and will be estimated
with the square root of the average among the sample variances.

X chart control limits:

f: _2: S_Z
{LCL,UCL}=<X—3\/%,X+3\/;}
\

g Michigan Tech



LCL UCL
— _ <2 _ <2
X chart X -3 [ X+3 |2
\ I \ I
2 A 2 —>
s2 chart (X.99865,n—1 )S (X.00135,n—1 )S
n—1 n—1

X = average among the sample means during Phase 1

sZ2 = average among the sample variances during Phase 1

m = # of samples in Phase 1 n = # of observations per sample

I
| Don’tconfusemandn! |

g Michigan Tech



LCL UCL
— _ <2 _ <2
X chart X-3 [ X+3 |
" \ I
2 A 2 —
s2 chart (X.99865,n—1 )S (X.00135,n—1 )S
n—1 n—1

Assumptions:

Data is normally distributed.

The process variance is always constant. Therefore any alarms on the s?
chart indicate the X chart is useless and should be discarded.

Process is in control during Phase 1.

g Michigan Tech



Sweet Club Inc. is a successful manufacturer of
baseball bats. Most baseball bats are made of ash,
but Sweet Club specializes in maple bats. Many
players prefer maple because it is a harder wood
than ash. However, maple bats are controversial
because they tend to shatter into pieces, whereas
ash bats tend to just crack. Sweet Club Inc. has hired
you (an engineer with statistics expertise) to produce
5 control charts for various processes at their facility.

g Michigan Tech



ChartsC&D
X and s2 chart

Since the hardness of the maple bats contributes to their
popularity, Sweet Club Inc. would like to closely monitor the
density of the bats they produce. Of the dozens of bats
produced per day, five are selected at random and the
sample mean density is measured (mg/cm3). You have been
provided with data for the last 88 days.

Use the first m = 22 samples as the Phase 1 base period.

g Michigan Tech



ChartsC& D

Maple bat density (mg/cm3).
A sample of n =5 is taken each day.
88 samples total.
The first m = 22 samples is the Phase 1 base period.

X = 700.000 s? =~ 24.044

centerline=X = 700.000

g Michigan Tech



v 2 —
X ~ 700.000 ~ 24044 n=0
LCL uct
_ = I
o X_3 |—=700-3 |229% | ¥ 3|7 — 70043 24044
chart \ n \ 5 \ n N 5
~ 693.421 ~ 706.579
2 =2 2 >
2 Foggesz=1)%"  (V1024.044) | (X 2= (178)(24.044)
s= chart n—1 - 4 n—1 B 4

~ 0.637

~ 106.995

g Michigan Tech




Chi-Square Table

df 0.99865 0.95 0.90 0.10 0.05 0.025 0.01 0.00135
1 0.000 0.004 0.016 2.706 3.841 5.024 6.635 10.273
2 0.003 0.103 0.211 4.605 5.991 7.378 9.210 13.215
3 0.030 0.352 0.584 6.251 7.815 9.348 11.345 15.630
4 0.711 1.064 1.779 9.488 11.143 13.277

5 0.238 1.145 1.610 9.236 11.070 12.833 15.086 19.821

6 0.423 1.635 2.204 10.645 12.592 14.449 16.812 21.739
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710.00

705.00

700.00

695.00

density mg/cm3

690.00

B685.00

Chart C: X-Bar chart - Density of Baseball Bats

Phase 1 ‘ ‘ Phase 2

No alarms during either phase, so it appears that no chart assumptions are
violated and the process is in control.

11 21 31 41 21 61 71 81

day

Michigan Tech
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Chart C: X-Bar chart - Density of Baseball Bats

i Phase 1 ‘ ‘ Phase 2

705.00

Any alarms Any alarms during this phase would have indicated the
during this process was out of control.

700.00

phase would
have indicated
695.00 a violation of
assumptions
and an invalid
chart.

density mg/cm3

690.00

B685.00

day

Michigan Tech
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Chart D: sA2 chart - Variance among Densities

120.000 Phase 1 ‘ ‘ Phase 2

100.000

S |
] s rl ,

#0000 No alarms during either phase, so it appears that the variance is constant
as required.

0.000

1 3 5 7 9 1113 1517 19 21 g3 25 27 29 31 33 35 37 39 41 43 45 47 49 51 53 55 57 59 61 63 65 67 69 71 73 75 77 79 81 83 85 87

day
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Chart D: sA2 chart - Variance among Densities

120.000 Phase 1 ‘ ‘ Phase 2
100.000
80.000 - - I -
Any alarms during either phase would have
S0 indicated a violation of assumptions and
| invalid charts.
40.000

1 3 5 7 9 1113 1517 19 21 g3 25 27 29 31 33 35 37 39 41 43 45 47 49 51 53 55 57 59 61 63 65 67 69 71 73 75 77 79 81 83 85 87

day
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Engineering Statistics

Chapter 5: control charts

Video 12.03
X chart

Department of Mathematical Sciences
Philip Kendall, Senior Lecturer

E Michigan Tech



An X chart monitored repeated observations of X from
normally distributed random samples of sizen
Ev4 o)
X~N (1)
However due to the nature of the process it may be
impossible, impractical, or simply too expensive to have

samples of size greater than one.
When n = 1, there are no sample variances!

g Michigan Tech



An X chart will monitor single observations of X
X~N(u, o)

The process variability will be measured with the
moving range = MR

Observations: X1, X», X3, ...

Base period: first m observations

g Michigan Tech



If there are m observations i
the base period, there will b
m — 1 moving ranges.

MR; = | X1 — Xi|

m-—1 5 3 7

6 10

S 17

MR =-@+0+3+2+7)—5——34

g Michigan Tech



MR
Control Limits: g T 3d—
2

/N

‘ estimate with X ‘ d, = 1.128 when
n = 2 (from a table)

{LCL,UCL}=X +2.66- MR

Assumptions:
Data is normally distributed
Process is in control during base period

g Michigan Tech



Chart E
X chart

An amateur baseball team purchases its maple bats from Sweet Club Inc.
and requests that the diameter of the baseball bats at their thickest part be
as close to 70 mm as possible (70mm = 70,000 microns). They are willing to

pay an expensive price for their bats in exchange for a high level of
accuracy. Once a day, Sweet Club Inc. randomly selects one bat and
measures its diameter to the nearest micron (one millionth of a meter).
Measuring the diameter to this accuracy is very expensive and is done with
only one randomly selected bat per day. Data from the last 365 days has
been provided. Use the first 40 observations as the base period.

g Michigan Tech



40 X =~ 70000.00 MR ~ 295.44

m —
LCL UCL
X —2.66- MR X +2.66-MR
X chart | =~ 70000 — 2.66(295.44) |~ 70000 + 2.66(295.44)
= 69214.12 = 70785.86

centerline=X = 70000.00

g Michigan Tech




X chart - Bat Diameters

J2000

Phase 1 ‘ ‘ Phase 2 ‘

72000

71000

70000

62000

diameter (microns)

GE000

67000

Ba000

B2000

No alarms during Phase 1, so the chart is valid. Many alarms during Phase
2, so we conclude the process is out of control and has been starting
somewhere around Day 170.

349
355
361

Michigan Tech

18B5




Engineering Statistics

Chapter 5: control charts

Video 12.04
np chart

Department of Mathematical Sciences
Philip Kendall, Senior Lecturer

E Michigan Tech



An np chart monitors the number of defective units
in samples of size n

X; = # of defective units in the ith sample

X; is Binomial with p = P(defective) and n = # of trials

Recall: it X~BIN (n, p) then
u=EX)=np
o? =Var(X) = np(1 —p)

g Michigan Tech



Ho:p = po = np = npyg
Ha:p # po = np # npo

It is recommended to have npg = 10 and n(1 — pg) = 10 so
the LCL will be positive.

{ LCL, UCL } = center line + 3-SD(observed statistic)

npo % 3/ npo(1 — po)

po Will be estimated with p = the average proportion of
defective units during the base period.

g Michigan Tech



npo + 3/npo(1 — po)

po Will be estimated with p = the average proportion of defective units
during the base period.

{LCL, UCL}=np * 3,/np(1 — D)

Assumptions:
Data is Binomial
Process is in control during base period

m = length of base perioc 1 m
n = units per sample P=_—_— X
: o . mn
X; = # of defective units in sample i i=1

g Michigan Tech



Chart F
np chart

Before baseball bats are shipped to retailers, some are randomly
selected and subjected to the “Smash Test”. To pass the Smash
Test, a bat must endure several collisions with baseballs travelling
100 mph without shattering into pieces. Once a week, Sweet Club

Inc. takes a random sample of 500 bats, subjects them to the
Smash Test, and records the number of failures. Data from the
last 52 weeks has been provided. Use the first 24 observations as
the base period.

g Michigan Tech



m = 24 = 500

‘ 252 defectives d

mn . 24(500)

I

‘ 24 week base period ‘ ‘ 500 bats per week ‘

center line=np = 500(0.021) = 10.5

g Michigan Tech



m = 24 n =500 5 = 0.021

LCL UCL
o | P31 -p)= | np+3ynp(1-p) =
chart | 10.5—3,/500(0.021)(0.979) = 10.5 4+ 3,/500(0.021)(0.979) =
0.882 20.118

g Michigan Tech




np chart -[Smash test

Phase 1 ‘ ‘ Phase 2

failures

235

20

No alarms during Phase 1, so the chart is valid. Several alarms during
Phase 2, so we conclude the process is out of control and has been
starting somewhere around Week 40.

i
|
LD
[
s
|_
LiJ
|_'h
LN
s
~J
|_
LD
Pl
|_'u
fed
[N
P
5]
[l
|
[l
LD
LiJd
|_
L
L
Lad
(o]
LiJ

/7 35 41 43 45 47 45 51
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Introductory Statistics
with R

Unit 12: control charts

Video 12.05
c chart

Department of Mathematical Sciences
Philip Kendall, Senior Lecturer
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A ¢ chart monitors the number of occurrences of an
event in a specified time period

X; = # of occurrences in the ith period
X; is Poisson with A = the mean rate of occurrences
Recall: If X~POI(A) then
u=EX)=2A
g’ =Var(X) = A

Al Michigan Tech



HO:}\ — }\0
Ha:}\ =+ }\.O

It is recommended to have Aj; = 10 so
the LCL will be positive.

{ LCL, UCL } = center line + 3-SD(observed statistic)

Ao £ 32

Ao Will be estimated with ¢ = the average count of
occurrences during the base period.

Al Michigan Tech



Ao + 3y
m

Ao Will be estimated with ¢ = the average 1 Z ¥
i—

c=— i

count of occurrences during the base period. m

{LCL, UCL}=C + 3V©

Assumptions:
Data is Poisson
Process is in control during base period

Al Michigan Tech



Chart G
c chart

When pieces of maple first arrive at Sweet Club Inc., they are
placed on a lathe and shaped into the form of a baseball bat.
Sweet Club Inc. has a few dozen lathes in operation at all times.
An engineer working at the facility records how many times per
month a lathe breaks down and needs to be repaired. Sweet Club
Inc. would like to monitor how often repairs are needed. Data
from the last 105 months has been provided. Use the first 30
observations as the base period.

Al Michigan Tech



m = 30

‘ 366 repairs during base period ‘

~ |
__ 1N, 366
CTmAl T30 Y

centerline=c = 12.2

E Michigan Tech



LCL UCL
c—3yc ¢ +3ye
C
chart 12.2 — 3V12.2 12.2 + 3V12.2
1.721 22.679

E Michigan Tech




c chart - Lathe Repairs

25

Phase 1 Phase 2

repairs

1

[} ]

m inm n LA A b

No alarms during either phase, so it appears that no chart assumptions are
violated and the process is in control.

E Michigan Tech



Introductory Statistics
with R

Unit 12: control charts

Video 12.06
final thoughts on control charts

Department of Mathematical Sciences
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Final thoughts on Control Charts

Control Limit formulas
reactions to alarms
Control Limits vs. Specification Limits
Average Run Length = ARL
Other options for alarm rules exist.
Different types of charts exist.

Al Michigan Tech



Chart LCL UCL
— — F _ 5_2
X X — BJ: X +3 |—
n n
5° (Xi—lxﬂ-%BGS)Sz (Xi—1,0.001355) s*
n—1 n—1
X X —2.66- MR X +2.66- MR
np np — 3ynp(1 - P) np + 3Jnp(1 —p)

c—3yC

E Michigan Tech



chart | assumptions Phase 2 alarm? Phase 1 alarm?
Y *Process variance Ewdent_:e that
is constant process is out of
*in control during control.
Phase 1 Evidence that
g2 *sample means assumption(s) are
are normally violated — chart is
distributed invalid. Start over.
*in control during Evidence that
Phase 1 assumption(s) are
X *data is normally violated — chart is
distributed invalid. Start over.
*In control during Ewdenge that
process is out of
np Phase 1 control.
*data is Binomial
*Iin control during
C Phase 1

*data is Poisson

1885
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Control Limits vs. Specification Limits

Control Limits { LCL, UCL } are sometimes called the “voice of the
process”, are computed with sample data, and are used to assess
whether or not a process is stable. Based on the data collected during
the Phase 1 base period, the LCL and UCL reflect a range of variation we
should naturally expect from an in-control process.

On the other hand, Specification Limits { LSL, USL } are sometimes called
the “voice of the customer” and define an acceptable range for the
product. They may be artificially imposed on the process through
regulations or other factors.

Al Michigan Tech



For example, consider the earlier example (Chart C) where we drew an

X chart to monitor the density of maple baseball bats.
LCL = 693 and UCL = 707

The X chart was fine with no alarms during either phase.

Chart C: X-Bar chart - Density of Baseball Bats

710.00
705.00
70000

695.00

density mg/cm3

69000

6E85.00

day
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LCL = 693 and UCL = 707

But what if due to customer demands or some other form of regulation,
it was determined that only densities between 700 and 703 were
acceptable?

Chart C: X-Bar chart - Density of Baseball Bats

710.00
705.00
70000

695.00

density mg/cm3

69000

6E85.00

day
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LCL = 693 and UCL = 707, but LSL = 700 and USL = 703
Many observed sample means were outside of that range!

Chart C: X-Bar chart - Density of Baseball Bats
F10.00

T05.00

UsL 1 A ) 703

NPT AN JA _L:l
VA" "'11‘ A% v‘ 700

A 5g5.00

F
H
F
density mg/gm3

690.00

685.00

=
[
=
]
[y
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[y
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[
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[y
|
it
oo
=
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Note: it is possible for an in-control process to regularly produce
observations outside of specification limits and vice-versa.

Process is in control but many Process is out of control but
observations are outside of almost all observations are
specification limits. within specification limits.
Jn o Hy,
—
st | [us]| LSL usL

E Michigan Tech



Average Run Length = ARL

Define a random variable N = the # of samples needed to
observe the first alarm.

N is a Geometric random variable, which counts the
number of trials needed to observe the first “success”.
P(success) = p

if X~GEO(p) then E(X) = %

E(N) = P(alarm)

Al Michigan Tech



a« = .0027 f/ffﬁ‘\\

%: 00135 00135
\\ ’ 9973 . //
e
YA
1
E(N) = ~ 370

P(alarm) .0027
Recall: an in-control process using a = .0027
will false alarm about once in every 370 samples.
So under these conditions, ARL = 370.

Al Michigan Tech



Theoretical example.
Suppose o is known to be 16 and uy, = 100

If n =4, the LCL and UCL are:

+36 —100+3<16)—100+24—{76124}
o= ~\Va - ’
If n =9, the LCL and UCL are:
+30 —100+3<16>—1OO+16—{84116}
o= n ~\Vo - ’

Al Michigan Tech



Theoretical example.
Suppose o is known to be 16 and uy, = 100

If u actually equals 116 (the actual mean is one
standard deviation greater than the ideal mean),
on average how long will we wait for the chart to

alarm and tell us the process is out of control?

Clearly, if the process is out of control we would

. 1
like E(N) = pealarm)

to be small.

Al Michigan Tech



[Ifn = 4then LCL =76 and UCL = 124

P(signal) =1 — P(no signal)

—1-P(76 < X < 124) 78 116 134
L _p(76-116 _ 124-116
=17 (16/ S LS 16, )
V4 V4
—1-P(-5<Z<1)

=1—1[.8413 — (= 0)] = .1587 z
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[If n = 9 then LCL = 84 and UCL = 116 |

P(signal) =1 — P(no signal)

=1—-P(84 < X <116) o4 116

84 — 116 116 — 116
=1—P( <Z< )

16 16
/g /g

=1-P(-6<Z<0)
=1—-[50—-(=0)] =

Z

Al Michigan Tech



Theoretical example.
Suppose o is known to be 16 and uy, = 100

ifn =4 ifn =9
actual u | P(alarm) ARL actual u | P(alarm) ARL
100 .0027 ~ 370 100 .0027 ~ 370
116 1587 ~ 6.30 116 .50 2
132 8413 ~ 1.19 132 ~ 1 ~ 1

Al Michigan Tech



ARL = average run length is lower when:

nis larger
The actual mean u is further away from the ideal mean p,

Al Michigan Tech



Our rule: an alarm is defined to be an observation in Zone 1 or 8.

UCL

center Ilne N

LCL Zone 7

Al Michigan Tech



Be aware that more complicated rules exist.

UCL

center line-

LCL

Advantage:
More likely to
detect an out of
control process.

Disadvantage:
More likely to false
alarm.

Al Michigan Tech



Be aware that many different control charts exist. Some
charts, for example the Cumulative Sum (CUSUM) chart, use
definitions of alarms that are not only a function of the latest

collected sample, but also of previous samples.

Al Michigan Tech



